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Abstract

I study income poverty indices in a framework considering two poverty lines:
one absolute line capturing subsistence and one relative line capturing social ex-
clusion. I show that poverty indices accounting for these two lines should be
hierarchical additive. Hierarchical indices grant a form of priority to subsistence:
they always implicitly consider that an absolutely poor individual is more poor
than an individual who is only relatively poor, regardless of the income standard
in their respective societies. Importantly, classical additive indices are not hierar-
chical. As a result, they yield debatable poverty comparisons of societies having
different income standards. I derive a new (hierarchical) index that generalizes
the ubiquitous head-count ratio. This extended head-count ratio is equal to the
fraction of absolutely poor individuals plus the fraction of individuals who are only
relatively poor multiplied by an endogenous weight.
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1 Introduction

There are two different approaches to income poverty measurement: the absolute and the
relative approach. An individual is deemed absolutely poor if her income is insufficient
to cover her subsistence needs, e.g. being sufficiently nourished or wearing clothes. In a
first approximation, the real cost of subsistence does not depend on standards of living.
Therefore, the absolute poverty threshold does not dependent on the income standard of
the considered society. This is for instance the approach underlying the extreme poverty
line of the World Bank, whose threshold is $1.9 per person per day (Ferreira et al., 2016).
In turn, an individual is deemed relatively poor if her income is so much smaller than
the income standard in her society that she is at risk of social exclusion.1 The real cost
of social participation evolves with standards of living. Therefore, the relative poverty
threshold depends on the income standard of the considered society. For instance, most
OECD countries use a relative threshold that corresponds to a given fraction of mean
or median income.

Unsurprisingly, the main critic raised against any of these two approaches is to ignore
either subsistence or social exclusion. On the one hand, any absolute poverty threshold
becomes less and less relevant for the identification of the socially excluded as the income
standard grows. On the other hand, relative poverty measures often ignore the increase
in individual resources that results from growth. Importantly, if a country’s growth is
such that the income of its poorest citizens becomes sufficient to cover their subsistence
needs, its poverty has arguably been reduced, even if these individuals are still socially
excluded. Relative measures do not acknowledge such poverty reduction.

There is a need for income poverty measures combining both absolute and relative
poverty. Many policymakers, such as the World Bank and the European Commis-
sion, aim at reducing both absolute and relative poverty (World Bank, 2015; European
Commission, 2015). For such policymakers, using two separate poverty measures, one
absolute and one relative, is not a solution. The reason is that two measures would
often yield opposing poverty evaluations, in which case no conclusion can be drawn.
Such opposing evaluations typically happen when the income of poor individuals grow,
but not as fast as their society’s income standard.

The research efforts aimed at combining absolute and relative poverty mostly fo-
cus on the design of new poverty lines (Foster, 1998; Ravallion and Chen, 2011; Jolliffe
and Prydz, 2017). This strand of research has proposed poverty lines whose threshold
does depend on the income standard, but is less sensitive to income standard than the
threshold of a relative line. These new lines have the potential to better identify the
poor, but they cannot resolve on their own all the limitations associated with poverty
measures of either approaches. Typically, new lines cannot resolve the important limita-
tion that poverty measures should decrease when poor individuals become able to cover
their subsistence needs. This limitation is not so much a problem of whom should be
identified as poor, but rather a problem of how poor individuals are compared across
societies with different income standards. These inter-personal comparisons primarily
rely on the index with which a poverty measure is constructed. Indeed, a poverty mea-
sure is defined with two components: a poverty line and a poverty index (Sen, 1976).
Poverty indices, like the head-count ratio or the poverty-gap ratio, aggregate the con-
tributions to poverty of all poor individuals in a distribution. The properties of poverty
indices have been extensively studied under the assumption that the poverty line is
absolute (Zheng, 1997). Surprisingly, the properties of poverty indices combined with
non-absolute poverty lines have never been rigorously studied. Unfortunately, when
combined with a poverty line whose threshold depends on the income standard, these
indices provide highly counterintuitive poverty comparisons (Decerf, 2017).

I illustrate these counterintuitive comparisons when comparing poverty using the
head-count ratio combined with a relative poverty line. According to this measure,
Brazil has in 2015 a larger poverty (42%) than Ivory Coast (40%). Even if income is
more unequally distributed in Brazil than in Ivory Coast, this judgment is arguably
debatable given that only 4% of individuals are extremely poor in Brazil, while 28% of
individuals are extremely poor in Ivory Coast. This debatable comparison is due to the

1 See Ravallion (2008) for a review of the normative foundations of the relative approach to poverty.
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head-count ratio. When using this index, an extremely poor individual earning less than
$1.9 a day in Ivory Coast contributes the same to poverty as a Brazilian whose income
is just below the relative poverty threshold in Brazil, i.e. $10.2 a day.

In this paper, I study poverty indices based on two poverty lines: one absolute line
and one relative line. The first main contribution is an axiomatic result showing that
indices based on two lines should be hierarchical additive. Additive indices sum the
contributions to poverty of all poor individuals in a distribution. Hierarchical indices
are such that the contribution of an absolutely poor individual is always larger than
the contribution of an individual who is only relatively poor, regardless of the income
standard in their respective societies. As a result, hierarchical additive indices avoid the
counterintuitive comparisons described above. Importantly, mainstream poverty indices
are not hierarchical. The second main contribution is the derivation of a hierarchical
additive index, which is termed the extended head-count ratio. This new index is a
continuous generalization of the head-count ratio. This index is equal to the fraction
of absolutely poor individuals plus the fraction of individuals who are only relatively
poor multiplied by an endogenous weight. An empirical illustration shows how this
index affects cross-country poverty comparisons and demonstrates that it yields intuitive
judgments on unequal growth.

First, I show that indices based on two lines should be hierarchical additive. The
difference between poverty indices and other kinds of normative indices is that the former
satisfy a focus property, which forces them to disregard the exact income of non-poor
individuals. I consider two poverty lines, which define two different poverty status. An
individual is absolutely poor if her income is below the absolute threshold and relatively
poor if her income is below the relative threshold. In the presence of two poverty lines,
two focus properties should be satisfied. Each focus property is specific to the need
captured by its associated poverty line. Absolute Focus requires that, when all poor
individuals are absolutely poor, the income of non-poor individuals is irrelevant. Relative
Focus requires that, when all poor individuals are relatively poor, the income of non-
poor individuals is irrelevant only as long as the income standard does not change. These
two focus properties, together with other classical properties, characterize the family of
hierarchical additive indices. This result shows that the contribution of a poor individual
may depend on both her income and the income standard. However, the contribution of
an absolutely poor individual only depends on her income. As the contribution function
implicitly ranks individual situations across societies with different income standards,
this property has a key implication. If the contribution of absolutely poor individuals
does not depend on the income standard, then absolutely poor individuals are always
considered more poor than individuals who ore only relatively poor.

Second, I study a particular family of hierarchical additive indices whose mathemati-
cal expression features two normative parameters. This family is a hierarchical version of
the popular Foster-Greer-Thorbecke (FGT) family of indices (Foster et al., 1984). Only
one member of this family, the extended head-count ratio, satisfies classical robustness
and monotonicity properties. This index stands out by its simple decomposition. This
index is equal to the fraction of absolutely poor individuals plus the fraction of indi-
viduals who are only relatively poor multiplied by an endogenous weight. This weight
evolves linearly between zero and one as a function of the average income among indi-
viduals who are only relatively poor. The closer this average income is to the relative
(absolute) threshold, the closer the weight is to zero (one).

Finally, I conduct an empirical illustration of the extended head-count ratio using
World Bank data. I contrast its poverty comparisons with those obtained from main-
stream poverty measures. I focus on the comparison of societies that have different
income standards. When using the hierarchical measure, developed countries are the
least poor, sub-saharan countries are the most poor and latin-american countries are
poorer than conventionally reported. The evolution of the hierarchical measure in coun-
tries whose income standard increases over time can go in either direction. The growth
process taking place in urban China over the period 1993-2008 is a particularly telling
example of poverty reduction. This process almost entirely eradicates the initial abso-
lute poverty, whose fraction decreases from 20.9% to 1.3%. Over the same period, the
fraction of individual who are only relatively poor increases from 4.8% to 25%, implying
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that the total fraction of poor slightly increases from 25.7% to 26.4%. However, the
extended head-count ratio attributes a weight of about 0.5 to individuals who are only
relatively poor. As a result, the value taken by this measure is halved over the period,
decreasing from 23.3% to 11.5%.

The paper is organized as follows. A succinct literature review is provided in Section
2. I present the framework in Section 3. I characterize the family of hierarchical additive
indices and expose an impossibility result for these indices in Section 4. I characterize
the new index in a hierarchical version of the FGT family in Section 5. The empirical
illustration is presented in Section 6. I make some concluding remarks in Section 7.

2 Literature review

The literature on income poverty measurement studies indicators – called poverty mea-
sures – that rank income distributions as a function of poverty. Any poverty measure
is composed of two elements: a poverty line and an index. In his groundbreaking pa-
per, Sen (1976) proposes a framework allowing to study the properties inherent to these
indices. Following Sen, many authors have proposed particular families of indices and
characterized their properties. Among other proposals are the indices studied by Fos-
ter et al. (1984), Foster and Shorrocks (1991), Kakwani (1980), Chakravarty (1983) or
Duclos and Gregoire (2002). The major results derived in this literature are reviewed
in Zheng (1997). This paper extends this literature by departing from the assumption
that poverty indices are combined with an absolute line.

A small literature launched by Atkinson and Bourguignon (2001) investigates indices
that combine the absolute and relative aspects of income poverty. Atkinson and Bour-
guignon (2001) suggest to use two poverty lines, an absolute line capturing subsistence
and a relative line capturing social exclusion. They propose a family of additive indices
– which are not hierarchical – but do not study their properties. The same holds for
Anderson and Esposito (2013). Finally, Decerf (2017) considers a different framework
with one absolute threshold and one “hybrid” line whose threshold is everywhere above
the absolute threshold. He starts from the assumption that being absolutely poor is
worse than being relatively poor and proposes a particular hierarchical index. There
are three key differences between Decerf (2017) and this paper. First, the priority given
to absolutely poor individuals is not assumed but derived from fundamental properties.
Second, the two lines studied in this paper are different because they cross each other,
i.e. they have the same threshold for a given income standard. This definition of the two
lines is more in line with the literature and its implementation requires making fewer
normative assumptions. Decerf (2017) shows that, when the hybrid line crosses the
absolute line, his index entirely disregards the relative aspect of income poverty. Third,
the absolute component of the extended head-count ratio corresponds to the fraction of
absolutely poor individuals. As a result, this index can easily complement any absolute
head-count based measure, such as the extreme poverty measure of the World Bank or
the US official poverty measure.

The design of appropriate absolute, relative and hybrid poverty lines is still an active
area of research (Foster, 1998; Ravallion and Chen, 2011, 2017; Allen, 2017). This paper
does not contribute to such design. Rather, my starting point is to consider two poverty
lines that cross each other, a premise in agreement with this strand of literature.

3 The framework

Let an income distribution y = (y1, . . . , yn(y)) be a list of non-negative incomes. The
number of individuals in distribution y is denoted by n(y).

Two poverty lines are considered. Each of these two lines defines a different poverty
status. First, there is an absolute line whose threshold defines the minimal income
necessary to cover an individual’s subsistence needs. Its absolute threshold is denoted
by za ≥ 0. The set of individuals who qualify as absolutely poor in distribution y is
Qa(y) = {i ≤ n(y) | yi < za or yi = 0}.2

2 For the particular case za = 0, this definition implies that individual i is absolutely poor if yi = 0.
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Second, there is a relative line whose threshold defines the minimal income necessary
to be able to participate in social life. The relative poverty threshold is a function of the
income standard y = f(y). In line with applications, the income standard is either mean
income or median income. In the former case f(y) = 1

n(y)

∑
yi and in the latter case

f(y) = ym, where m denotes the index attached to the median earner in distribution
y.3 The relative line is defined by the threshold function

zr(y) = b+ sy,

where s ∈ (0, 1) defines the slope of the relative line and b ∈ [0, za(1 − s)] defines the
lower bound to social participation costs. The line zr is strongly relative when b = 0 and
weakly relative when b > 0 (Ravallion and Chen, 2011). As I impose that b ≤ za(1− s),
the relative threshold is weakly smaller than the absolute threshold when the income
standard takes value za. Importantly, this restriction implies that the two poverty lines
cross (i.e. have equal thresholds) at a level of income standard yc ≥ za defined as

yc =
1

s
(za − b).

This crossing property is necessary for the impossibility result established in Theorem
2. Let Z denote the set of acceptable threshold functions. The set of individuals who
qualify as relatively poor in y is Qr(y) = {i ≤ n(y) | yi < zr(y)}. Figure 1 illustrates
several pairs of poverty lines.

yi
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ȳc

za

zr

ȳ
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Figure 1: Several pairs of absolute and relative poverty lines.
(a) Positive absolute threshold and strongly relative line. (b) Positive absolute threshold
and weakly relative line. (c) Null absolute threshold and strongly relative line.

Together, an individual is poor if her income is below the upper contour of the two
lines, which is

z(y) = max{za, zr(y)}.

The set of individuals who qualify as poor in y is Q(y) = Qa(y)∪Qr(y). The number of
poor individuals and the number of absolutely poor individuals are respectively denoted
by q(y) and qa(y). The sets of absolutely poor and relatively poor individuals need not
be disjoint. The set of individuals who qualify as only relatively poor in y is Q(y)\Qa(y).
The number of only relatively poor in y is q(y)− qa(y).

Letting N = {n ∈ N|n ≥ 4}, the set of income distributions considered is4

Y =
{
y ∈ ∪n∈NR

n
+ | y ≥ za and y > 0

}
.

This set excludes distributions whose income standard is smaller than the absolute
threshold. This restriction is necessary for Theorem 1 to hold when the income standard
is median income. Also, this restriction implies that the income of poor individuals is
smaller than the income standard, i.e. yi < y for all i ∈ Q(y).

This convention allows Theorem 1 to cover the particular case za = 0.
3 If y is sorted in non-decreasing order y1 ≤ · · · ≤ yn, then m = 1

2
(n+ 1) if n is odd and m = 1

2
n if

n is even. This definition of the median when n is even is without loss of generality as the proofs can
be easily adapted if m is instead defined as m = 1

2
n+ 1.

4 The requirement y ≥ za does not exclude y = 0 when za = 0.
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A poverty index is a real-valued function P : P → R+ that ranks income distributions
using the two poverty lines as parameters. In general, a poverty index has a domain
of definition P = Y × R+ × Z. However, almost all the results can be derived when
assuming that the two poverty lines are given. As it makes the results more general,5 I
adopt the following much narrower domain of definition

P = Y × {(za, s, b, f)}.

The poverty in distribution y is simply denoted by P (y). For any two distributions y
and y′, there is strictly more poverty in y than in y′ if P (y) > P (y′), and weakly more
if P (y) ≥ P (y′).

4 Hierarchical additive poverty indices

I study which indices should be used to compare poverty in different income distribu-
tions. The particularity of the framework is the presence of a second poverty line, whose
threshold depends on the income standard. The properties I impose on indices acknowl-
edge this presence in two ways. First, the relevance of each of the two poverty lines is
established in a separate focus axiom. Second, several properties are restricted to the
comparison of income distributions that have equal income standards.

The particularity of poverty indices is that only the situation of poor individuals
matters to poverty comparisons. This property that distinguishes poverty indices from
other kinds of normative indices, e.g. inequality or mobility indices, is traditionally
encapsulated in a focus axiom. This axiom requires that the exact income of individuals
earning more than the poverty threshold is to some extent irrelevant. The extent to
which their income is irrelevant depends on the kind of poverty considered. As I consider
two kinds of poverty, I impose two separate focus axioms. Each focus axiom is specific
to the particular need captured by its associated line.

An individual is absolutely poor if her income is insufficient to meet her subsistence
needs. Traditionally, the minimal income necessary to cover subsistence needs is assumed
not to depend on the income of non-poor individuals. Absolute Focus requires that, when
all poor individuals are absolutely poor, the exact income earned by non-poor individuals
is irrelevant.

Poverty axiom 1 (Absolute Focus).
For all y, y′ ∈ Y with n(y) = n(y′) and Qa(y) = Q(y) = Qa(y

′) = Q(y′), if yi = y′i for
all i ∈ Qa(y), then P (y) = P (y′).

In contrast, the focus axiom associated to the relative line does not completely
disregard the income of non-poor individuals. The income necessary for an individual
to meet her social participation needs depends on the income standard. In turn, the
income standard depends on the income of non-poor individuals. Relative Focus requires
that, when all poor individuals are relatively poor, the exact income earned by non-poor
individuals is irrelevant only as long as the income standard is unchanged.

Poverty axiom 2 (Relative Focus).
For all y, y′ ∈ Y with n(y) = n(y′), Qr(y) = Q(y) = Qr(y

′) = Q(y′) and y = y′, if
yi = y′i for all i ∈ Qr(y), then P (y) = P (y′).

The classical monotonicity property requires that poverty is reduced when a poor
individual earns an additional amount of income. Weak Monotonicity adds the precon-
dition that the other poor individuals are not affected. This precondition is guaranteed
by restricting monotonicity comparisons to distributions that have the same income
standard.

Poverty axiom 3 (Weak Monotonicity).
For all y, y′ ∈ Y with n(y) = n(y′), Q(y′) ⊆ Q(y) and y = y′, if yj < y′j for some
j ∈ Q(y) and yi = y′i for all i ∈ Q(y′)\{j}, then P (y) > P (y′).

5 The results obtained on the narrower domain also constrain indices defined on the larger domain.
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Subgroup Consistency is a standard axiom requiring that, if poverty decreases in
a subgroup while it remains constant in the rest of the distribution, overall poverty
must decline. Sen (1992) questioned the desirability of this axiom by arguing that the
incomes in one subgroup may affect poverty in another subgroup. Foster and Sen (1997)
recommend not to use this axiom when the index aims at capturing relative aspects
of poverty. I subscribe to this point of view. The issue becomes transparent once the
channel through which one subgroup affects the other is modeled. In this framework, the
incomes in a subgroup impact the income standard, which in turn affects poor individuals
in another subgroup. When a poverty line is relative, it is thus not always meaningful to
extrapolate the judgments made on a subgroup to the whole population. Weak Subgroup
Consistency restricts such extrapolations to distributions for which the subgroups have
the same income standard. In such cases, the income standard of a subgroup is equal
to the income standard of the entire distribution and poverty judgments made on the
subgroup are meaningful for the entire distribution.

Poverty axiom 4 (Weak Subgroup Consistency).
For all y1, y2, y3, y4 ∈ Y with n(y1) = n(y3), n(y2) = n(y4) and y1 = y2 = y3 = y4, if
P (y1) > P (y3) and P (y2) = P (y4), then P ((y1, y2)) > P ((y3, y4)).

The remaining three auxiliary axioms are standard. Symmetry requires that indi-
viduals’ identities do not matter. Working with sorted distributions is therefore without
loss of generality.

Poverty axiom 5 (Symmetry).
For all y, y′ ∈ Y with n(y) = n(y′), if y′ = y · πn(y)×n(y) for some permutation matrix
πn(y)×n(y), then P (y) = P (y′).

Symmetry implies that individual preferences are irrelevant to the poverty index.
This property generates little debate when only the level of own income appears in
preferences. If preferences are monotonic, then monotonic indices do not override in-
dividual preferences. When both the level of own income and the relative situation
matter, the monotonicity of preferences does not entirely define individual preferences
and Symmetry explicitly requires to completely disregard these preferences. This form
of paternalism can be defended on the ground that it prevents poverty indices from
giving priority to individuals that are more other-regarding.6

Next axiom requires indices to be continuous in incomes. Such continuity require-
ment is important in empirical applications in order to avoid that measurement errors
have an excessive impact on poverty judgments. Weak Continuity requires indices to
be continuous in all incomes, but only for distributions whose income standard is larger
than the income standard at which the two lines cross.7

Poverty axiom 6 (Weak Continuity).
For all y ∈ Y with y > yc, P is continuous in y.

Finally, Replication Invariance specifies how to compare poverty across distributions
of different population sizes. If a distribution is obtained by replicating another distri-
bution several times, then the two distributions have equal poverty. Formally, for any
k ∈ N, the k−replication of a distribution y is the distribution y×k = (y, . . . , y) for
which n(y×k) = kn(y).

Poverty axiom 7 (Replication Invariance).
For all y ∈ Y and k ∈ N, we have P (y) = P (y×k).

6 For an illustration of the issue, consider two poor individuals living in the same society. Assume
that individual 1 has a smaller income than individual 2 but individual 2 has preferences that are more
affected by relative income than the preferences of individual 1. If individual preferences matter for
the poverty index, it could be that the contribution to poverty of individual 2 is larger than that of
individual 1. Potentially, transferring an amount of income from individual 1 to individual 2 decreases
poverty. Such conclusion is debatable given that both individuals would agree that individual 2 is
better-off than individual 1.

7 The continuity requirement is restricted to distributions with y > yc in order to get around an
impossibility result: indices that are continuous on the whole domain Y cannot simultaneously satisfy
Absolute Focus and Weak Monotonicity when za > 0. The proof of this impossibility is omitted.
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Theorem 1 identifies the family of poverty indices characterized by these axioms.

Theorem 1 (Characterization of hierarchical additive poverty indices).
The following two statements are equivalent.

1. P satisfies Absolute Focus, Relative Focus, Weak Monotonicity, Weak Subgroup
Consistency, Symmetry, Weak Continuity and Replication Invariance.

2. P is ordinally equivalent to

P ′(y) =
1

n(y)

n(y)
∑

i=1

p(yi, y), (1)

where the poverty contribution function p : R+ × [za,∞) → [0, 1] is such that (i)
p(0, y) = 1 and p(yi, y) = 0 if i /∈ Q(y), (ii) p is strictly decreasing in its first
argument if i ∈ Q(y), (iii) p is constant in its second argument if i ∈ Qa(y) and
(iv) p is continuous in both its arguments if y > yc.

Proof. It is easy to check that statement 2 implies statement 1. The proof of the converse
implication is in Appendix 8.1. �

Theorem 1 shows that indices satisfying these axioms sum the poverty contributions
of all individuals in a distribution. As usual, non-poor individuals contribute zero.
More importantly, the contribution of any poor individual depends on both her income
and on the income standard. These two variables summarize the relevant aspects of a
poor individual’s situation. In this sense, the pair (yi, y) defines the “bundle” consumed
by the poor individual i. The contribution function ranks all the bundles that poor
individuals may consume.8 Therefore, the contribution function implicitly compares
poor individuals across societies with different levels of income standards.

The key message of Theorem 1 is that poor individuals living in different societies
must be compared in a specific way. The constraints imposed on these comparisons are
revealed by a graphical representation of the iso-poverty map defined by the index. An
iso-poverty map is a collection of iso-poverty curves. An iso-poverty curve is the set of
bundles associated to the same poverty contribution. Implicitly, two individuals whose
bundles are on the same iso-poverty curve are deemed equally poor by the contribu-
tion function. Figure 2 shows iso-poverty maps satisfying the constraints imposed by
restriction (iii). This restriction requires that the contribution of absolutely poor indi-
viduals only depends on their own income. As a result, their iso-poverty curves are flat
and do not cross the absolute threshold. This implies that the bundle of an absolutely
poor individual is always on a lower iso-poverty curve than the bundle of an individual
who is only relatively poor. In other words, an individual who is absolutely poor must
be deemed more poor than an individual who is only relatively poor, regardless of the
income standards in their respective societies. An absolutely poor individual in Ivory
Coast must be deemed more poor than an individual who is only relatively poor in
Brazil, even if the income standard in Brazil is larger. I call these indices “hierarchical ”
because they grant a particular form of priority to absolute poverty over relative poverty.
Below the absolute threshold, the relative aspect of income poverty is irrelevant. It is
only when an individual is not absolutely poor that the relative aspect of her poverty
becomes relevant.

The normative view according to which being absolutely poor is worse than being
only relatively poor is largely shared. It has been expressed in the literature (Atkin-
son and Bourguignon, 2001; Decerf, 2017) and is largely shared in the population, as
appeared from questionnaire studies run all over the world by Corazzini et al. (2011).
Theorem 1 provides a normative foundation for this view.

Importantly, mainstream poverty indices are not hierarchical. The classical FGT
indices, which are pervasive in empirical applications, are not hierarchical. I emphasize
that it is not a mere theoretical issue. When they are combined with relative poverty
lines, non-hierarchical indices regularly lead to highly counter-intuitive poverty compar-
isons (Decerf, 2017). The empirical illustration presented in Section 6 provides additional

8 Formally, the contribution function defines a complete ordering on the space of bundles.
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Figure 2: Iso-poverty maps of hierarchical additive indices.
Note: (a) Positive absolute threshold and strongly relative line. (b) Positive absolute
threshold and weakly relative line. (c) Null absolute threshold and strongly relative line.

examples when comparing poverty using the head-count ratio combined with a relative
poverty line. According to this measure reported in Table 1, Brazil has in 2015 a larger
poverty (42%) than Ivory Coast (40%). Even if income is more unequally distributed
in Brazil than in Ivory Coast, this judgment is arguably debatable given that only 4%
of individuals are extremely poor in Brazil, while 28% of individuals are extremely poor
in Ivory Coast. This debatable comparison is due to the head-count ratio, which is
non-hierarchical. When using this index, an extremely poor individual earning less than
$1.9 a day in Ivory Coast contributes the same to poverty as a Brazilian whose income
is just below the relative poverty threshold in Brazil, i.e. $10.2 a day. The respective
bundles of these two individuals are on the same “thick” iso-poverty curve.

Two remarks are in order. First, Theorem 1 can be extended to relative lines whose
threshold function is not linear. This theorem applies as long as the relative line is
continuous and monotonically increasing with the income standard and its threshold is
always smaller than the income standard. Second, Theorem 1 still holds in the special
case za = 0, i.e. when the index only considers one (relative) poverty line. This theorem
thus provides a normative foundation for additive indices used in combination with a
relative line. Despites the critics expressed against such (widely used) additive measures
(Sen, 1992; Foster and Sen, 1997), indices based on a relative line have never been
rigorously studied.

An impossibility result

Theorem 1 places no restriction on the shape that the contribution function takes for
a fixed level of income standard. The only requirement is that this function decreases
continuously with individual income. Restrictions on its shape emerge from axioms
constraining how the index must trade-off the incomes of different poor individuals. I
consider two such axioms and show that, unfortunately, hierarchical indices violate at
least one of them. This impossibility result requires a strictly positive absolute threshold
(za > 0), which is henceforth assumed.

The first property, Transfer , is a classical axiom requiring that a Pigou-Dalton trans-
fer taking place between two poor individuals never unambiguously increases poverty.

Poverty axiom 8 (Transfer).
For all y, y′ ∈ Y with n(y) = n(y′), Q(y) = Q(y′) and δ > 0, if yj−δ = y′j > y′k = yk+δ
for some j, k ∈ Q(y), y′i = yi for all i 6= j, k and y′ = y, then P (y) ≥ P (y′).

As is well-known, poverty indices satisfying Transfer are based on convex contribu-
tion functions.

The second property, Strong Monotonicity, considers an increase in the income of
some poor individual. When the income standard is mean income, an increase in the
income of a poor individual has opposing effects. On the one hand, her poverty contri-
bution decreases. This direct effect reduces poverty. On the other hand, mean income
increases.9 If the relative threshold increases, then the poverty contributions of only

9 Observe that the larger the number of individuals, the lower is the impact of the increase in income
on mean income and, hence, on the poverty contributions of others.
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relatively poor individuals increase.10 Moreover, some individuals who were non-poor
might become relatively poor. Strong Monotonicity requires that these indirect adverse
effects are dominated by the direct effect. Hence, this property imposes that a decrease
in the income of some poor individual never leads to a reduction of poverty. Indices
satisfying this property never deem that a policy whose unique impact is to decrease
the income of some poor individuals reduces poverty.

Poverty axiom 9 (Strong Monotonicity).
For all y, y′ ∈ Y with n(y) = n(y′), if yj < y′j for some j ∈ Q(y) ∪ Q(y′) and yi = y′i
for all i 6= j, then P (y) > P (y′).

Observe that, when the income standard is median income, last axiom is equivalent
to Weak Monotonicity. The reason is that the income of poor individuals does not
impact median income in the domain of distributions considered.

Theorem 2 shows that all hierarchical additive indices violate Transfer . Moreover, if
the income standard is mean income, then these indices also violate Weak Monotonicity.

Theorem 2 (Hierarchical additive indices violate basic properties).
Let P be a hierarchical additive index.

1. P violates Transfer.

2. If the income standard is mean income, then P violates Strong Monotonicity.

Proof. See Appendix 8.2. �

Theorem 2 shows that all hierarchical additive indices fail some basic property. In
other words, any index based on two poverty lines either fails some basic property
or implicitly considers that some absolutely poor individuals are less poor than some
individuals who are only relatively poor. There are three possible ways to deal with this
normative trade-off.

The first way is to escape the impossibility by changing the definition of the two
poverty lines. The impossibility holds because the relative line crosses the absolute line.
Decerf (2017) considers a different framework with two lines, one absolute line and one
“hybrid” line. His two lines do not cross because his hybrid threshold is always above the
absolute threshold. In this alternative framework, the index proposed by Decerf (2017)
satisfies both Transfer and Strong Monotonicity, even when the income standard is
mean income. The problem with this stance is that it is at odds with the literature
considering two poverty lines. For instance, the societal poverty line recently adopted
by the World Bank does cross its extreme poverty threshold (World Bank, 2018).

The second way is to accept that the index implicitly considers that some abso-
lutely poor individuals are less poor than some individuals who are only relatively poor.
There exist non-hierarchical indices that satisfy both Transfer and Strong Monotonicity,
even when the income standard is mean income. This is for instance the case of the
poverty gap ratio. One problem with this stance is that it leads to the counter-intuitive
judgments discussed above. Also, I argue that the minimal form of priority granted
to absolute poverty by hierarchical indices is more fundamental than these aggregation
axioms. The reason is that the former directly relates to the comparison of poor indi-
viduals. Indeed, constraints on the shape of the iso-poverty map define which of any
two poor individuals is more poor.11 In contrast, aggregation axioms relate to the com-
parisons of gains and losses made by different poor individuals. Therefore, these axioms
“merely” relate to the fairness of the index.

10 The poverty contribution of an absolutely poor individual only depends on her level of income and
is therefore not affected by the income of other poor individuals.

11 The shape of the iso-poverty map may relate to welfare-consistency. In order to get an intuition,
assume that the priority granted to absolute poverty corresponds to individual preferences. Under this
assumption, individuals prefer to have the possibility to satisfy their subsistence needs, even if it comes
at the cost of a worse relative situation. Then, the problem with non-hierarchical indices is that they
sometimes conclude that poverty is reduced even when all poor individuals deem that their situation
has worsened. For instance, this could happen after an inequality-reducing recession. Such recession
may decrease the income of poor individuals below the absolute threshold while improving their relative
situation.
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The third way out of this impossibility is to use a hierarchical index. However, the
poverty measurement literature does not propose any index that satisfies equation (1).12

The objective of next section is to propose such an index. This index satisfies weakened
versions of Transfer and Strong Monotonicity.

5 The extended head-count ratio

In this section, I consider a parametric family of hierarchical additive indices and show
that the value of its parameters can be determined from basic properties. The index
characterized turns out to be a continuous extension of the head-count ratio, which
makes it particularly interesting to practitioners.

The poverty contribution function considered is inspired from the FGT subfamily of
additive indices (Foster et al., 1984). FGT indices have an exponential expression whose
properties have been studied by Foster and Shorrocks (1991) as well as Ebert and Moyes
(2002). The poverty contribution of individual i in distribution y is given by

p̂(yi, y) = (1− uλ(yi, y))
α
, (2)

where α ≥ 0 is the poverty aversion parameter and uλ is a function that ranks individual
bundles. For classical FGT indices, this function is defined by individual i’s normalized
income, i.e. uλ(yi, y) =

yi

z(y) . With this definition, classical FGT indices are not hierar-

chical. Indeed, the iso-poverty curves associated to bundles below the absolute threshold
eventually cross the absolute threshold when the income standard grows sufficiently. In
contrast, these indices are hierarchical if function uλ is defined in two parts as

uλ(yi, y) =







λ yi

za
if yi < za,

λ+ (1− λ)g(yi, y) if za ≤ yi < zr(y).
(3)

where λ ∈ [0, 1] is a parameter tuning which fraction of function uλ’s domain of images
is attributed to absolute poverty and g is a function ranking the subset of bundles whose
income is larger than the absolute threshold. I assume that function g is linear in its
first argument. By the properties of the contribution function, the linearity of function
g implies that

g(yi, y) =
yi − za

zr(y)− za
. (4)

Function g measures the “relative gap” between the two poverty thresholds. The ex-
pression for g defines the shape of iso-poverty curves above the absolute threshold. The
linear expression for g implies that the iso-poverty curves between the absolute thresh-
old and the relative line are linear and homothetic, as illustrated in Figure 2. This
assumption is strong but is also a natural default option.

Together, equations (2) to (4) define a hierarchical version of the FGT family of
indices. Any index in this FGT family, which is denoted by P̂αλ, is defined by a pair of
values for the two parameters α and λ.

Observe that index P̂αλ violates Weak Monotonicity for some values of the parame-
ters. This if for instance the case of the head-count ratio (α = 0), the index most used
in practice. This is usually not considered as a fundamental issue because this index
does satisfy a weaker version of Weak Monotonicity for which the inequality sign of
the implication is weak. However, this problem becomes more acute when considering
two different poverty status, especially when the absolute status is deemed more severe
than the relative status. Indeed, poverty indices should acknowledge when an individ-
ual changes poverty status, i.e. when her income crosses the absolute poverty line. In
the case of hierarchical indices, the poverty contribution of absolutely poor individuals
should be strictly larger than that of individuals who are only relatively poor. Minimal
Monotonicity encapsulates this very weak monotonicity property.

12 The hierarchical index characterized by (Decerf, 2017) attributes a zero contribution to relatively
poor individuals when the two poverty lines cross.
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Poverty axiom 10 (Minimal Monotonicity).
For all y, y′ ∈ Y with n(y) = n(y′), Q(y′) = Q(y) and y = y′, if yj < za < y′j for some
j ∈ Q(y) and yi = y′i for all i ∈ Q(y′)\{j}, then P (y) > P (y′).

As Minimal Monotonicity is a weakening of Weak Monotonicity, all indices satis-
fying equation (1) satisfy this axiom. In contrast, some P̂αλ indices violate Minimal
Monotonicity. Lemma 1 identifies these unacceptable indices. Its easy proof is omitted.

Lemma 1.

P̂αλ satisfies Minimal Monotonicity if and only if α 6= 0.

Further requirements allow discriminating among the remaining values for the pa-
rameters of index P̂αλ.

In practice, computing the minimal income level za covering subsistence needs is a
complex task. Even the procedure to compute za is still the topic of ongoing research
(Allen, 2017). As a result, the literature on poverty indices has paid particular attention
to indices that are robust to common transformations of distributions and the absolute
threshold (Foster and Shorrocks, 1991; Zheng, 1994). Transformations of two kinds
have been emphasized: scalings and translations. An index satisfies Scale Invariance
if it is unaffected when all incomes are multiplied by the same factor as the absolute
threshold. Then, only the normalized distance to the poverty threshold matters for
the contribution of absolutely poor individuals. In turn, an index satisfies Translation
Invariance if it is unaffected when all incomes are translated by the same amount as
the absolute threshold. As a result, only the absolute distance to the poverty threshold
matters for the contribution of absolutely poor individuals. An index is called robust

if it is both scale invariant and translation invariant.13

Definition 1 (Robustness to the absolute threshold).
Index P is robust to za > 0 if for all y ∈ Y with Qa(y) = Q(y), all γ > 1 and all δ > 0
we have14

P (y, za, zr(y)) = P (γy, γza, zr(γy)) (Scale Invariance),

P (y, za, zr(y)) = P (y + δ · 1n, za + δ, zr(y + δ · 1n)) (Translation Invariance),

where 1n = (1, . . . , 1) is a vector of ones of size n(y).

Foster and Shorrocks (1991) and Zheng (1994) have shown that only head-count
related poverty indices are robust. Lemma 2 identifies the members of our family that
are head-count related.

Lemma 2.

P̂αλ is robust if and only if λ = 0 or α = 0.

Proof. See Appendix 8.3. �

Taken together, Lemma 1 and 2 characterize an interesting subset of indices. When
λ = 0, the contribution of absolutely poor individuals is one. In turn, the contribution of
only relatively poor individuals is a function of their income’s “relative gap” between the
two poverty thresholds. The closer is their income to the absolute (relative) threshold,
the closer is their contribution to one (zero). When λ = 0, equation (2) becomes

p̂(yi, y) =







1 if yi < za,

(
zr(y)−yi

zr(y)−za

)α

if za ≤ yi < zr(y),
(5)

13 These invariance properties apply to poverty indices whose domain of definition is P = Y ×R++×
{(s, b, f)}.

14 Recall that the set Z of acceptable relative lines depends on the absolute threshold za through
its restriction b ≤ za(1 − s). Yet, the operations associated to the invariance properties never consider
relative lines that violate this restriction. Indeed, the translation (resp. scaling) operation considers a
new absolute threshold za + δ > za (resp. γza > za) that is larger than the initial threshold. Clearly,
if zr is acceptable given za, then zr is also acceptable given another z′a larger than za.
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where α > 0. Taken together, equations (1) and (5) show that P̂α0 is the sum of the

absolute head-count ratio HCA(y) = qa(y)
n(y) and an additional term capturing the contri-

butions of individuals who are only relatively poor. In this sense, index P̂α0 “augments”
the absolute head-count ratio. As the official poverty measures of many countries and
institutions are based on the absolute head-count, index P̂α0 can easily complement
these official measures when relative poverty aspects are deemed relevant. Interestingly,
this index satisfies Weak Continuity, which makes it less sensitive to measurement errors
than the classical head-count ratio.

When taking α = 1, the index has a particularly simple decomposition. Indeed, the
second term of index P̂10 is also based on the head-count ratio. This index can be written
as the sum of the absolute head-count ratio HCA and the (only) relative head-count

ratio HCR = q(y)−qa(y)
n(y) multiplied by an endogenous weight. For this reason, I call P̂10

the extended head-count ratio

P̂10(y) =
qa(y)

n(y)
+ ω(y)

q(y)− qa(y)

n(y)
, (6)

where

ω(y) =
zr(y)− yr

zr(y)− za
and yr =

1

q(y)− qa(y)

∑

i∈Q(y)\Qa(y)

yi.

The weight function ω : Y → [0, 1] takes as argument the average income among the
only relatively poor individuals, denoted by yr. More precisely, the weight attributed
to relatively poor individuals corresponds to the relative gap of their average income
between the two poverty thresholds. The closer their average income is to the absolute
(relative) threshold, the closer their weight is to one (zero).

Finally, I show that the extended head-count ratio is characterized by a weakening
of Strong Monotonicity when the income standard is mean income. With this income
standard, Theorem 2 shows that hierarchical indices systematically violate Strong Mono-
tonicity. The proof reveals that the impossibility arises when the income of an absolutely
poor individual is increased. Strong Monotonicity REL restricts this axiom to situations
for which the income of a relatively poor individual is increased.

Poverty axiom 11 (Strong Monotonicity REL).
For all y, y′ ∈ Y with n(y) = n(y′), if za ≤ yj < y′j for some j ∈ Q(y) ∪ Q(y′) and
yi = y′i for all i 6= j, then P (y) > P (y′).

Lemma 3 shows that the extended head-count ratio is the only index P̂α0 that satisfies
this axiom.

Lemma 3.

If the income standard is mean income, then P̂α0 satisfies Strong Monotonicity REL if
and only if α = 1.

Proof. See Appendix 8.4. �

The extended head-count ratio also satisfies important weakenings of Transfer . Con-
sider for instance the restriction that the transfer takes place between two poor indi-
viduals who share the same poverty status, i.e. they are either both absolutely poor or
both only relatively poor. It is straightforward to show that P̂10 satisfies these transfer
properties. Therefore, the extended head-count ratio constitutes a plausible compromise
to the impossibility derived in Theorem 2. A direct corollary of Lemma 1, 2 and 3 is
that the only index P̂αλ that satisfies our properties when the income standard is mean
income is the extended head-count ratio. Corollary 1 formalizes this claim.

Corollary 1 (Characterization of index P̂10).
P̂10 is robust and satisfies Minimal Monotonicity and Strong Monotonicity REL. If the
income standard is mean income, then P̂αλ is robust and satisfies Minimal Monotonicity
and Strong Monotonicity REL if and only if λ = 0 and α = 1.
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Corollary 1 characterizes the extended head-count ratio, which is a new hierarchical
index. The results leading to this characterization are less general than Theorem 1 and
2, but the relevance of this index is maybe more related to its simple decomposition.

In the next section, I apply this index using World Bank data. The empirical re-
sults illustrate that, unlike absolute or relative measures, a poverty measure based on
this index leads to nuanced comparisons of societies that differ in their income stan-
dards. They also illustrate that the index yields intuitive judgments on unequal growth
experiences.

6 Empirical illustration

In this section, I apply the extended head-count ratio using World Bank data. I contrast
its poverty comparisons with those obtained from mainstream poverty measures. I focus
on the comparison of societies that have different income standards.

The data is taken from PovcalNet, a website built by the World Bank with income
and consumption data gathered from surveys of randomly sampled households in most
low-, middle- and high-income countries between 1981 and 2010.15 In order to permit
cross-country comparisons, the Bank transforms the survey data using the Purchasing
Power Parity (PPP) exchange rates for household consumption from the 2011 Interna-
tional Comparison Program. Chen and Ravallion (2013) provide more information on
this database.

Constructing a poverty measure based on index P̂10 requires to select two poverty
lines: the absolute threshold za and the relative line zr. These choices reflect the
practitioner’s views on absolute and relative poverty. In this application, I fix the
absolute threshold at the level of the World Bank’s threshold for extreme poverty: $1.9
a day (Ferreira et al., 2016). For the sake of simplicity, I use a mean-sensitive relative
poverty line. I assume that the relative line is zr(y) = 0.4+0.5y, which is directly inspired
from Ravallion and Chen (2017) who calibrate a weakly relative line on national poverty
thresholds in developing countries and obtain zRC(y) = max{$1.9, $0.396+0.485y} (see
their Figure 5 Panel b). Together, an individual is poor if her income is below the
upper-contour of these two lines

z(y) = max{$1.9, $0.4+ 0.5y}.

The two poverty lines za and zr cross at a value of mean income equal to $3 a day (see
Figure 3). The poverty lines selected are certainly subject to debate, but my objective
is simply to pick a reasonable pair of lines for illustration purposes.

$0.4
ȳ

s = 0.5

$1.9

$3

yi

bc

Figure 3: Iso-poverty map associated to P̂10.

Note: The absolute threshold is za =$1.9 a day and the relative line is zr(y) = 0.4+0.5y
where y is mean income expressed in $ a day. All bundles below the absolute threshold
belong to a thick iso-poverty curve.

Poverty comparisons based on P̂10 are contrasted with those obtained from two other
measures. The first measure, denoted by HCA, is the fraction of individuals whose
income is below $1.9 a day. The second measure, denoted by HCH , is the fraction of

15 PovcalNet: the online tool for poverty measurement developed by the Development Research Group
of the World Bank. This tool can be found here: www.iresearch.worldbank.org/PovcalNet.
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individuals whose income is below the “hybrid” line z, defined as the upper contour of
the two lines. From equation (6), we have that

P̂10(y) = HCA(y) + ω(y)
(
HCH(y)−HCA(y)

)
,

where ω is the endogenous weight given to individuals who are only relatively poor. For
countries whose mean income is below $3 a day, the hybrid threshold is equal to the
absolute threshold and the three poverty measures are equal.

Table 1 provides figures for nine countries in recent years. These countries are se-
lected because they differ in their income standard, i.e. in mean income. Also, countries
in the middle-income group have been selected for their high income inequality, which
implies high relative poverty. Four low-income low- or middle-inequality countries are
considered: Madagascar, Ivory Coast, Nepal and Pakistan. The mean incomes in these
countries range from $1.6 to $4.5 a day, and their Gini coefficients range from 31%
to 43%.16 Two middle-income high-inequality countries are considered: Colombia and
Brazil whose mean incomes are equal to $14.3 and $17.6 a day respectively and whose
Gini coefficients are both equal to 51%. Two developed countries are considered: France
and the US whose mean incomes are equal to $53.3 and $63.9 a day respectively and
whose Gini coefficients are equal to 32% and 41%.

Table 1: Reversals in cross-country poverty comparisons.

Countries Mean Gini HCA HCH P̂10 ω

Madagascar 1.6 43 77.8 77.8 77.8 -
Ivory Coast 3.9 42 27.9 39.9 34.1 0.51

Nepal 4.0 33 15.0 30.7 23.1 0.52
Pakistan 4.5 31 6.1 24.3 14.6 0.47
Colombia 14.3 51 5.5 43.1 24.1 0.50

Brazil 17.6 51 4.3 42.2 22.6 0.48
France 53.3 32 0.0 18.0 4.8 0.27

US 63.9 41 1.0 30.0 11.8 0.37

Note: P̂10 seems to balance the size and inequality of income distributions with
more nuance than HCA and HCH . All poverty measures and the Gini coefficients
are expressed in %. Mean incomes are expressed in $ a day (2011 PPP). Figures are
provided for the latest year available for each country: 2012, 2015, 2011, 2014, 2015,
2015, 2014 and 2013 (order of the table). Source: PovcalNet.

In the sample, HCA is strongly negatively correlated with mean income. Leaving
aside Madagascar, for which the hybrid threshold is equal to the absolute threshold,
HCH is strongly positively correlated with inequality as measured by the Gini coeffi-
cient. The two middle-income countries have the highest HCH -poverty because they
experience higher inequality. In contrast, the low-income countries have the highest
HCA-poverty. This reversal illustrates that absolute and relative measures typically
yield opposing comparisons of distributions with different income standards and levels
of inequality. Measure P̂10 seems to be more nuanced: the two countries with highest
P̂10-poverty are low-income countries and P̂10 does penalize the middle income coun-
tries for their high-inequality. Moreover, the two developed countries have the lowest
P̂10-poverty in the sample, which is not the case when considering HCH -poverty.

Pairwise comparisons illustrate the different judgments obtained from P̂10, HCA

and HCH . In the sample, P̂10 and HCA yield opposite rankings between Nepal and
Colombia or between Pakistan and Brazil. In both cases, for measure P̂10, the lower
absolute poverty of the second country is more than compensated by its much higher
inequality. In turn, P̂10 and HCH yield opposite rankings between Ivory Coast and
Brazil or between Pakistan and the US. In both cases, for measure P̂10, the lower
absolute poverty of the second country more than compensates its higher inequality.
Observe that the US has a smaller P̂10-poverty than Pakistan not only because the US

16 The Gini coefficient is a popular measure of inequality. A larger Gini coefficient implies higher
inequality.
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has a smaller absolute poverty but also because the weight ω attributed to the relatively
poor is smaller in the US than in Pakistan.

In low- and middle-income countries, this weight is very close to 0.5 because the
relative threshold is close to the absolute threshold. As a result, on the narrow income
range associated to being only relatively poor, incomes are almost uniformly distributed.
This does not hold in many high-income countries where relatively poor individuals
earn on average an income that is closer to the relative threshold than to the absolute
threshold. This suggests that the simpler index

P ′(y) = HCA(y) + 0.5
(
HCH(y)−HCA(y)

)
,

which is based on the exogenously fixed weight ω = 0.5, leads to similar poverty com-
parisons as those obtained with index P̂10 when comparing low- and middle-income
countries.

Altogether, Table 1 demonstrates that the P̂10-poverty judgments are different from
those obtained with classical absolute or relative measures. Moreover, P̂10-poverty com-
parisons seem to be in line with general intuition when both absolute and relative poverty
matter.

I now turn to the evaluation of periods of growth. In particular, I consider periods
of growth during which inequality increases, because such periods lead to opposing
evaluations between absolute measures and relative measures. Urban China experiences
a marked unequal growth over the period 1993-2008: its mean income increases from
$3.3 to $8.9 a day and its Gini coefficient increases from 28% to 35%. The right panel
in Figure 4 reveals that urban China undergoes unequal growth over the whole period.
The left panel in Figure 4 shows the evolution of P̂10, HCA and HCH . The evolution
of HCA reveals that growth virtually eradicates absolute poverty in urban China. The
evolution of HCH shows that the fraction of poor individuals barely changes. This
means that the individuals who escape absolute poverty are still relatively poor. Yet,
the P̂10-poverty decreases from 23.3% to 11.5% because, in urban China, an absolutely
poor individual contributes on average twice as much to the P̂10-poverty as an individual
who is only relatively poor. As a result, the unequal growth experienced by urban China
is deemed poverty reducing by measure P̂10.
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Figure 4: Evolution of income poverty between 1993 and 2008 in urban China.

Note: The left panel shows the decomposition of poor individuals (HCH) between abso-
lutely poor (HCA) and only relatively poor (=the difference HCH −HCA) and shows
the intermediate value taken by P̂10. The hybrid threshold is computed based on mean
income in urban China. Source: PovcalNet.

Table 2 shows that P̂10 can lead to very different conclusions when analyzing pe-
riods of unequal growth. This table presents figures for four geographic entities that
experiences unequal growth, as signaled by the increases in their mean incomes and in
their Gini coefficients. Over the period 2000-2013, urban Indonesia experiences a sizable
decline in its P̂10-poverty, which dropped from 31.3% to 26.5%. This decline occurs in
spite of the increase in income inequality – the Gini coefficient increases from 32% to
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43% – that causes the fraction of poor individuals to rise from 31.3% to 41.6%. Over-
all, the P̂10-poverty is reduced in urban Indonesia because of the massive reduction of
absolute poverty, which drops from 31.3% to 8.9%. Hence, the reduction in P̂10-poverty
reflects primarily the drop in absolute poverty, which was the only contributor to the
P̂10-poverty in 2000.

Table 2: Evaluation with P̂10 of several cases of unequal growth.

Geo. entity Year Mean Gini HCA HCH P̂10 ω

Urban Indonesia 2000 3.0 32 31.3 31.3 31.3 -
2013 6.3 43 8.9 41.6 26.5 0.54

Honduras 1991 4.6 52 33.4 48.4 41.1 0.51
2004 7.5 58 26.3 52.0 40.3 0.55

Costa Rica 1986 6.0 34 12.5 27.4 19.6 0.48
2015 22.7 48 1.6 40.3 18.6 0.44

Bulgaria 2008 16.4 34 1.2 21.1 8.8 0.38
2014 19.0 37 1.5 24.7 10.8 0.40

Note: The impact of unequal growth on P̂10-poverty is decomposed using the three
components of P̂10, namely HCA, HCH and ω. All poverty measures and the Gini
coefficients are expressed in %. Mean incomes are expressed in $ a day (2011 PPP).
Source: PovcalNet.

In contrast, the unequal growth experiences reported for Honduras and Costa Rica
barely changes their P̂10-poverty. In Honduras, mean income increases from $4.6 to
$7.5 a day, but the income is so unequally distributed that the fraction of absolutely
poor individuals only decreases from 33.4% to 26.3%. The increase in inequality leads
to an increase in the fraction of poor individuals in Honduras from 48.4% to 52%.
Together, the fraction of only relatively poor individuals increases from 15% to 25.7%.
Thus, the unequal growth in Honduras barely changes its P̂10-poverty because the small
reduction in HCA is almost entirely offset by the increase in HCH . The analysis of the
unequal growth in Costa Rica is very similar, except that the growth and the increase
in inequality are stronger. Costa Rica’s P̂10-poverty barely changes because its large
reduction in HCA is almost entirely offset by its large increase in HCH .

Finally, the unequal growth experiences reported for Hungary increases its P̂10-
poverty. There is almost no absolute poverty in Hungary at the beginning of the period
and, therefore, growth cannot significantly affect P̂10-poverty through HCA. As a con-
sequence, the increase in inequality results in an increase in P̂10-poverty from 8.8% to
10.8%.

Altogether, Table 2 illustrates the different factors affecting whether unequal growth
reduces or increases P̂10-poverty. Beyond the extent of growth and the size of the increase
in inequality, one additional factor is the importance of absolute poverty in the initial
distribution.

7 Concluding remarks

Income inequality has recently attracted increasing attention. Abstracting from the
impacts that inequality may have on behavior, there exists two main normative reasons
why one may care about inequality. The first is fairness. An ethical observer may prefer
more equal distributions of resources. The second is that inequality may have intrinsic
value for the concerned individual. For instance, their preferences may depend on both
their absolute income and their relative income. Alternatively, the social functionings
provided by a given amount of resources may depend on the society’s standards of
living (Sen, 1992). The second reason is the mainstream foundation used to defend
relativist poverty measures. Any poverty measure endorsing such foundation must first
aggregate the absolute and relative aspects of income at the individual level and second
aggregate individual contributions over the whole population, as proposed by Atkinson
and Bourguignon (2001). As these authors suggest, taking onboard the relative aspect

17



of poverty is not only a matter of picking the right poverty line(s) but also a matter
of selecting an appropriate index. Following their approach, Decerf (2017) stresses the
importance of the iso-poverty maps associated to hybrid poverty measures. In this paper,
I show that indices based on two poverty lines should be based on an iso-poverty map
that grants some priority to the absolute aspect of income poverty. This result further
emphasizes the key role played by iso-poverty maps, which has been little studied in the
literature.

Theorem 1 and 2 are general and set the stage for indices based on two poverty
lines. The other results are less general but identify the properties of a new index, the
extended head-count ratio, which is of particular interest for practitioners. Given its
simple decomposition, a measure based on this index could complement official poverty
measures in the US, in the EU or yet the extreme poverty measure of the World Bank.

8 Appendix

8.1 Proof of Theorem 1

Consider any poverty index P satisfying the axioms listed in statement 1. Consider first
the case for which the income standard is mean income. I explain below how to adapt
the proof when the income standard is median income.

The proof is based on the following version of Theorem 2 on page 382 of Gorman
(1968).17

Theorem 3 (Theorem 2 in Gorman (1968)).
Let ν = (ν1, . . . , νl) with l ∈ {n ∈ N|n ≥ 3} denote a generic element of the product
space ×l

i=1[0, 1]. Let S = {[0, 1]1, . . . , [0, 1]l} be the set of sectors of this product space.
If we have

• Assumption 1: there exists an index P ∗ that represents a complete and contin-
uous ordering on ×l

i=1[0, 1],

An ordering is continuous on ×l
i=1[0, 1] if its upper contour set and its lower

contour set at any ν ∈ ×l
i=1[0, 1] are closed.

• Assumption 2: index P ∗ is strictly increasing in each sector [0, 1]i,

P ∗ is strictly increasing in each sector if for any i such that 1 ≤ i ≤ l, any

(ν1, . . . , νi−1, νi+1, . . . , νl) ∈ ×i−1
j=1[0, 1]×

l
j=i+1 [0, 1],

and any νi, ν
′
i ∈ [0, 1]i with νi > ν′i, we have

P ∗(ν1, . . . , νi−1, νi, νi+1, . . . , νl) > P ∗(ν1, . . . , νi−1, ν
′
i, νi+1, . . . , νl).

• Assumption 3: any subset of sectors A ⊆ S is separable,

Separability means that for all (u,w), (v, w), (u, t), (v, t) ∈ ×l
i=1[0, 1], we have

P ∗(u,w) ≥ P ∗(v, w) ⇔ P ∗(u, t) ≥ P ∗(v, t). (7)

then for any ν ∈ ×l
i=1[0, 1] we have

P ∗(ν) = F̃

(
l∑

i=1

φ̃i(νi)

)

, (8)

where F̃ is a strictly increasing function and φ̃i is a continuous and strictly increasing
function.

17 Theorem 2 in Gorman (1968) is more general than the version presented in Theorem 3. For
instance, Gorman (1968)’s theorem does not require that each sector be a real interval. It only requires
that each sector has a countably dense subset and is arc-connected.
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As such, Gorman’s theorem cannot be applied because (i) index P represents an
ordering on a space Y with a different structure, (ii) this ordering on Y needs not
be continuous everywhere, (iii) not all the sectors in Y are strictly essential because
distributions in Y always feature non-poor individuals and (iv) for index P , the subsets
of sectors in Y need not be separable. In the following few paragraphs, I explain how I
connect my framework to Gorman’s.

Take any n ∈ N . Let y∗ be a value of mean income with y∗ > yc. Let Y ∗ denote
the subset of distributions of size n, whose mean income is equal to y∗ and for which no
individual earns more than individual n, i.e.

Y ∗ = {y ∈ Y |n(y) = n and y = y∗ and yi ≤ yn for all i ≤ n}.

For notational convenience, let z∗ = zr(y
∗) denote the relative threshold associated to

mean income y∗. As y∗ > yc, we have by assumption that y∗ > za and, therefore,
y∗ > z∗. This in turn implies that the richest individual is non-poor, i.e. yn > z∗ for all
y ∈ Y ∗.

Consider the function D : R+ → [0, 1] defined as

D(w) =







1− w
z∗ if w ∈ [0, z∗],

0 if w > z∗.

Function D enters the construction of the mapping M : Y ∗ → ×n−1
i=1 [0, 1] defined as

M(y) = (D(y1), . . . , D(yn−1)).

Mapping M has three important properties. First, mapping M is continuous on Y ∗ since
function D is continuous on its domain. Second, any two y, y′ ∈ Y ∗ with M(y) = M(y′)
are such that P (y) = P (y′). Indeed, as individual n is non-poor, we have by the
construction of M that M(y) = M(y′) only if Q(y) = Q(y′) and yi = y′i for all i ∈ Q(y).
As za < z∗, Relative Focus implies that P (y) = P (y′). Third, the domain of images
of Y ∗ through mapping M is the entire product space, i.e. M(Y ∗) = ×n−1

i=1 [0, 1]. The
definition of mapping M directly implies that M(Y ∗) ⊆ ×n−1

i=1 [0, 1]. There remains
to show that ×n−1

i=1 [0, 1] ⊆ M(Y ∗), which is proven by the construction of a mapping
M− : ×n−1

i=1 [0, 1] → Y ∗ such that M(M−(ν)) = ν for all ν ∈ ×n−1
i=1 [0, 1]. Consider the

function D− : [0, 1] → [0, z∗] defined as

D−(w) = z∗(1 − w).

Function D− enters the construction of mapping M− : ×n−1
i=1 [0, 1] → Y ∗ defined as

M−(ν) =

(

D−(ν1), . . . , D
−(νn−1), ny

∗ −

n−1∑

k=1

D−(νk)

)

.

By definition of its nth component, M−(ν) has an income standard equal to y∗. There-
fore, M−(ν) ∈ Y ∗. As by construction D(D−(w)) = w for all w ∈ [0, 1], we have indeed
that M(M−(ν)) = ν for all ν ∈ ×n−1

i=1 [0, 1]. Observe that mapping M− is continuous
on the product space since function D− is continuous on its domain and so is the nth

component of M−(ν).
Mapping M− and index P are used to define an index P ∗ on the product space

×n−1
i=1 [0, 1]. For all ν ∈ ×n−1

i=1 [0, 1], index P ∗ is defined as

P ∗
(
ν
)
= P (M−(ν)).

As M(M−(ν)) = ν for all ν ∈ ×n−1
i=1 [0, 1] and as any two y, y′ ∈ Y ∗ with M(y) = M(y′)

are such that P (y) = P (y′), the definition of P ∗ implies for all y ∈ Y ∗ that

P
(
y
)
= P ∗(M(y)).

Therefore, for any y, y′ ∈ Y ∗ we have

P (y) ≥ P (y′) ⇔ P ∗(M(y)) ≥ P ∗(M(y′)). (9)
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The proof that statement 1 implies statement 2 is done in three steps. In step 1, I
show that index P ∗ satisfies the three assumptions of Gorman’s theorem and use this
theorem. In step 2, I show how the expression of P varies with the size n(y) of distribu-
tions for which y = y∗. In step 3, I connect the expressions of P for distributions that
have different values of income standard.

STEP 1: For all ν ∈ ×n−1
i=1 [0, 1], we have

P ∗(ν) = F̃

(
n−1∑

i=1

φ̃(νi)

)

, (10)

where F̃ and φ̃ are two continuous and strictly increasing functions.

First, I show that the ordering on ×n−1
i=1 [0, 1] represented by index P ∗ meets assump-

tions 1 to 3.

Assumption 1.
By definition, we have for all ν that P ∗

(
ν
)
= P (M−(ν)). As M− : ×n−1

i=1 [0, 1] → Y ∗

and as P represents a complete ordering on Y ∗, we have that index P ∗ represents a
complete ordering on the product space ×n−1

i=1 [0, 1].
As we have for all ν that P ∗

(
ν
)
= P (M−(ν)) and as mapping M− is continuous on

×n−1
i=1 [0, 1], index P ∗ represents a continuous ordering on the product space ×n−1

i=1 [0, 1]
if index P represents a continuous ordering on Y ∗. Index P represents a continuous or-
dering on Y ∗ because P satisfies Weak Continuity and all y ∈ Y ∗ are such that y > yc.
See below (end of proof of Step 1) for a proof that index P ∗ is continuous on its domain.

Assumption 2.
Take any i such that 1 ≤ i ≤ n− 1, any

(ν1, . . . , νi−1, νi+1, . . . , νn−1) ∈ ×i−1
j=1[0, 1]×

n−1
j=i+1 [0, 1],

and any νi, ν
′
i ∈ [0, 1]i with νi > ν′i. We show that

P ∗(ν1, . . . , νi−1, νi, νi+1, . . . , νn−1
︸ ︷︷ ︸

=ν

) > P ∗(ν1, . . . , νi−1, ν
′
i, νi+1, . . . , νn−1

︸ ︷︷ ︸

=ν′

).

Consider y = M−(ν) and y′ = M−(ν′). By the construction of mapping M−, we
have y = y′, yi < y′i and i ∈ Q(y) and yj = y′j for all j ∈ Q(y′)\{i}. By Weak
Monotonicity we have P (y) > P (y′), which by the definition of P ∗ implies that P ∗(ν) >
P ∗(ν′).

Observe that P ∗ is strictly increasing in all sectors of the product space because
mapping M does not associate any sector to individual n, who is never poor on Y ∗.
Yet, her exact income yn does not affect P by Relative Focus .

Assumption 3.
Take any four elements (u,w), (v, w), (u, t), (v, t) ∈ ×n−1

i=1 [0, 1]. We must show that
equivalence (7) holds, i.e. P ∗(u,w) ≥ P ∗(v, w) ⇔ P ∗(u, t) ≥ P ∗(v, t).

In order to prove this, we construct four particular distributions y1
′′′

, y2
′′′

, y3
′′′

, y4
′′′

∈
Y for which P (y1

′′′

) = P ∗(u,w), P (y2
′′′

) = P ∗(v, w), P (y3
′′′

) = P ∗(u, t) and P (y4
′′′

) =
P ∗(v, t) and we show that

P (y1
′′′

) ≥ P (y2
′′′

) ⇔ P (y3
′′′

) ≥ P (y4
′′′

).

This is done in two substeps.

Substep A3.1: Construct y1
′′′

, y2
′′′

, y3
′′′

, y4
′′′

∈ Y for which P (y1
′′′

) = P ∗(u,w), P (y2
′′′

) =
P ∗(v, w), P (y3

′′′

) = P ∗(u, t) and P (y4
′′′

) = P ∗(v, t)
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(1.1) Let y1, y2, y3, y4 ∈ Y ∗ be defined as y1 = M−(u,w), y2 = M−(v, w), y3 =
M−(u, t), y4 = M−(v, t).

The next operations aim at constructing from y1 a particular income distribution
y1

′′′

with P (y1
′′′

) = P (y1) but such that the elements of a particular partition of y1
′′′

all
have their mean income equal to y∗, which is a precondition for applying Weak Subgroup
Consistency.

(1.2) Partition y1 in three distributions yu, yw and y1n such that

y1 = (y11 , . . . , y
1
j

︸ ︷︷ ︸
=yu

, y1j+1, . . . , y
1
n−1

︸ ︷︷ ︸
=yw

, y1n),

where u = (D(y11), . . . , D(y1j )) and w = (D(y1j+1), . . . , D(y1n−1)). By the definition of

mapping M−, all i /∈ Q(y1) ∪ {n} earn y1i = z∗ and individual n earns

y1n = ny∗ −

n−1∑

k=1

y1k.

Typically, we have yu 6= yw 6= y1n 6= y∗ but the next operations aim at obtaining such
equality.

(1.3) Construct distribution y1
′

, which is the 3−replication of y1, i.e.

y1
′

= (y1, y1, y1) = (yu, yw, y1n, y
u, yw, y1n, y

u, yw, y1n),

where I slightly abuse the notation by letting income y1n refer to the largest income level

in distribution y1
′

. We have y1
′

= y1 as the triplication does not affect the mean. By
Replication Invariance, we have P (y1

′

) = P (y1).

(1.4) Construct y1
′′

from y1
′

by implementing particular transfers among the three
individuals earning y1n.

Letting n(u) = j and n(w) = n − (j + 1) denote the respective sizes of elements u
and w, I define three income levels au > z∗, aw > z∗ and ax = y∗ as

au = (3n(u) + 1)y∗ − 3

j
∑

k=1

y1k,

aw = (3n(w) + 1)y∗ − 3

n−1∑

k=j+1

y1k,

ax = 3y1n − au − aw.

First, I show that au > z∗. Recall that all non-poor individuals in yu earn an income
equal to z∗. Therefore, we have that 3

∑j

k=1 y
1
k ≤ 3n(u)z∗. Given that y∗ > z∗, we have

indeed that au > z∗. The same reasoning shows that aw > z∗. Finally, we get ax = y∗

when replacing y1n, au and aw by their expressions in the expression of ax and using the
identity n(u) + n(w) + 1 = n.

Let the distribution

y1
′′

= (yu, yw, au, y
u, yw, aw, y

u, yw, ax)

be constructed from y1
′

by implementing balanced transfers among the three non-poor
individuals whose income is y1n. As balanced transfers do not affect the mean, we have

y1
′′

= y1
′

= y∗. As Q(y1
′′

) = Q(y1
′

) and y1
′′

i = y1
′

i for all i ∈ Q(y1
′

), we have by

Relative Focus that P (y1
′′

) = P (y1
′

).

(1.5) Let the distribution

y1
′′′

= (yu, yu, yu, au, y
w, yw, yw, aw, ax)
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be constructed from y1
′′

by using an appropriate permutation matrix. By Symmetry,
we have P (y1

′′′

) = P (y1
′′

). Importantly, the distribution y1
′′′

is easily partitioned in
three distributions y3u ,y3w and ax, i.e.

y1
′′

= (yu, yu, yu, au
︸ ︷︷ ︸

=y3u

, yw, yw, yw, aw
︸ ︷︷ ︸

=y3w

, ax)

where the distributions have the same mean income y3u = y3w = ax = y∗.

Using procedure (1.1) to (1.5), we construct successively y1
′′′

, y2
′′′

, y3
′′′

, y4
′′′

such that:

y1
′′′

= (y3u, y3w, ax) with P (y1
′′′

) = P ∗(u,w),

y2
′′′

= (y3v, y3w, ax) with P (y2
′′′

) = P ∗(v, w),

y3
′′′

= (y3u, y3t, ax) with P (y3
′′′

) = P ∗(u, t),

y4
′′′

= (y3v, y3t, ax) with P (y4
′′′

) = P ∗(v, t),

where by construction y3u = y3w = y3v = y3t = ax = y∗.

Substep A3.2: Show that P (y1
′′′

) ≥ P (y2
′′′

) ⇔ P (y3
′′′

) ≥ P (y4
′′′

).

To keep notation simple, I re-label distribution y3u as yu, distribution y3w as yw, and
so on. Then, last equivalence can be rewritten as

P ((yu, yw, ax)) ≥ P ((yv, yw, ax)) ⇔ P
(
(yu, yt, ax)

)
≥ P

(
(yv, yt, ax)

)
.

It is sufficient to prove that

P ((yu, yw, ax)) ≥ P ((yv, yw, ax)) ⇒ P
(
(yu, yt, ax)

)
≥ P

(
(yv, yt, ax)

)
,

as the converse implication is obtained by the same argument.
Recall that all distributions have their mean income equal to y∗. By Symmetry we

have P ((yw, ax)) = P ((yw, ax)). As by assumption P ((yu, yw, ax)) ≥ P ((yv, yw, ax)),
Weak Subgroup Consistency is violated unless we have18

P (yu) ≥ P (yv).

Two cases can arise.

• Case 1: P (yu) > P (yv).
As by Symmetry we have P ((yt, ax)) = P ((yt, ax)), Weak Subgroup Consistency
implies

P
(
(yu, yt, ax)

)
> P

(
(yv, yt, ax)

)
.

• Case 2: P (yu) = P (yv).
I show by contradiction that this case is such that P ((yu, yt, ax)) = P ((yv, yt, ax)).
Assume to the contrary that we have

P
(
(yu, yt, ax)

)
< P

(
(yv, yt, ax)

)

As P (yu) = P (yv), Weak Subgroup Consistency implies that

P
(
(yu, yt, ax, y

v)
)
< P

(
(yv, yt, ax, y

u)
)
.

This is a contradiction as the two distributions have equal poverty by Symmetry.

The two cases lead to P ((yu, yt, ax)) ≥ P ((yv, yt, ax)), which proves separability.

18By construction, we have n(yu) = n(yv) ≥ 4.
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As all three assumptions hold, we can use Theorem 3 and P ∗ has the expression given
in equation (8), which can be rewritten as

P ∗(ν) = F̃
′

(
n−1∑

i=1

φ̃i(νi)

)

for all ν ∈ ×n−1
i=1 [0, 1],

where F̃
′

is a strictly increasing function and φ̃i is a continuous and strictly increasing
function. Functions φ̃i cannot depend on the identity i of the individual by Symmetry,
but they might still depend on the rank i occupied by the individual. Yet, since the
ordering on ×n−1

i=1 [0, 1] is separable, we must have φ̃i(νi) = φ̃(νi)+g(i). Defining function

F̃ (x) := F̃
′

(x+
∑

i g(i)), a translation of function F̃
′

, we obtain

P ∗(ν) = F̃

(
n−1∑

i=1

φ̃(νi)

)

for all ν ∈ ×n−1
i=1 [0, 1],

where F̃ is a strictly increasing function and φ̃ is a continuous and strictly increasing
function.

We show that index P ∗ is continuous on ×n−1
i=1 [0, 1]. That is, for all ν∗ and all infinite

sequence (νk)k∈N in the product space with limk→∞ νk = ν∗ we have

lim
k→∞

P ∗(νk) = P ∗(ν∗),

i.e. for all ǫ > 0 there exists a δ > 0 such that ‖νk − ν∗‖< δ implies that ‖P ∗(νk) −
P ∗(ν∗)‖< ǫ, where operator ‖·‖ denotes euclidean distance. As mapping M− is contin-
uous, for all δ′ > 0 there exists a δ > 0 such that ‖νk − ν∗‖< δ implies that ‖M−(νk)−
M−(ν∗)‖< δ′. By Weak Continuity, index P is continuous on Y ∗. Thus, for all ǫ′ > 0
there exists a δ′ > 0 such that ‖M−(νk) − M−(ν∗)‖< δ′ implies that ‖P (M−(νk)) −
P (M−(ν∗))‖< ǫ′. Together, take any ǫ′ < ǫ, there exists a δ′ > 0 for which there exists
a δ > 0 such that ‖νk − ν∗‖< δ implies that ‖P (M−(νk)) − P (M−(ν∗))‖< ǫ′. As by
definition P ∗(ν) = P (M−(ν)) for all ν, we have ‖P ∗(νk)−P ∗(ν∗)‖< ǫ′ < ǫ, the desired
result.

As index P ∗ is continuous on ×n−1
i=1 [0, 1] and as the argument of function F̃ is also

continuous on the same domain, we must have that F̃ is a continuous function. This
concludes the proof of Step 1.

The expression (10) for P ∗ is valid for all y ∈ Y for which n(y) = n and y = y∗.
Using the same argument, a similar expression can be used for all y′ ∈ Y for which
n(y′) = n′ ≥ 4, n′ 6= n and y′ = y∗. Observe that this similar expression is based on
functions F̃n′ and φ̃n′ that need not be the same as functions F̃ and φ̃ obtained for size
n 6= n′. For this reason, a subscript n is henceforth added to these functions: F̃n and φ̃n.

STEP 2: For all y ∈ Y with y = y∗, we have

P (y) = G




1

n(y)

n(y)
∑

i=1

d(yi)



 , (11)

where G is continuous and strictly increasing and d : R+ → [0, 1] is continuous and
strictly decreasing on [0, z∗], d(w) = 0 when w ≥ z∗ and d(0) = 1.

I modify the reasoning of Foster and Shorrocks (1991) in order to show that function
φ̃n is independent of n and function F̃n is inversely related to n.

Step 2.1: Define transformations of F̃n and φ̃n for normalization purposes.

Let Fn and φn be the following transformations of F̃n and φ̃n:

φn(νi) = n
[

φ̃n(νi)− φ̃n(0)
]

,

Fn(w) = F̃n

[

w + (n− 1)φ̃n(0)
]

.
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These transformations allow rewritting the expression for P ∗ obtained in Step 1 as

P ∗(ν) = Fn

(

1

n

n−1∑

i=1

φn(νi)

)

,

where φn(0) = 0.
Let Q(ν) denote the set of sectors i for which νi > 0. By the definition of mapping

M−, we have Q(ν) = Q(M−(ν)). For any sector i ≤ n− 1 such that i /∈ Q(ν), we have
νi = 0 and, therefore, φn(νi) = 0. So, last expression may be rewritten as

P ∗(ν) = Fn




1

n

∑

i∈Q(ν)

φn(νi)



 , (12)

where Fn and φn are continuous, strictly increasing and φn(0) = 0.

Step 2.2: Prove that functions Fn and φn do not depend on n using Replication In-
variance.

From the previous step, we have φn : [0, 1] → [0, an] with φn(0) = 0 for all n ≥ 4.
Take any y ∈ Y with n(y) = 4 and y = y∗ such that all individuals except maybe
individual 1 are non-poor in y, which is q(y) ≤ 1. Let ν = M(y) = (t, 0, 0) be the
image of y through mapping M ,19 where t can be any point in [0, 1]. Consider distri-
bution y×k = (y, . . . , y), which is a k-replication of distribution y. Let ν′ = M(y×k) =
(t, 0, 0, 0, t, 0, 0, 0, . . . , t, 0, 0) be the image of y×k, which features 3k − 1 zeros and k t’s.
The size of ν is n(ν) = 3, the size of ν′ is n(ν′) = 4k − 1 and we denote the size of y×k

by r = n(ν′) + 1 = 4k.
By Replication Invariance, we have P (y) = P

(
y×k

)
, which implies by the (extended)

definition of P ∗ that P ∗(ν) = P ∗(ν′).20 Denoting F = F4 and φ = φ4, the relationship
between φ, φr, F and Fr for all t ∈ [0, 1] is computed from equation (12) as:

P ∗(ν) = F

[
1

4
φ(t)

]

= Fr

[
k

4k
φr(t)

]

= P ∗(ν′),

which implies

φr(t) = 4F−1
r

[

F

(
1

4
φ(t)

)]

.

Defining Hr(w) = F−1
r (F (w)), which implies H4(w) = F−1(F (w)) = w, with Hr con-

tinuous and strictly increasing on [0, a4], we get

φr(t) = 4Hr

(
1

4
φ(t)

)

. (13)

If t = 0, then we have from equation (13) that Hr(0) = 0 because φn(0) = 0.
Consider now any y′ ∈ Y with n(y′) = 4 and y′ = y∗ such that all individuals except

maybe individuals 1 and 2 are non-poor in y, which is q(y′) ≤ 2. Let ν′′ = M(y′) =
(t, u, 0) be the image of y′, where t and u can be any two points in [0, 1]. Consider y×k′

=
(y′, . . . , y′) a k-replication of y′. Let ν′′′ = M(y×k′

) = (t, u, 0, 0, t, u, 0, 0, . . . , t, u, 0) be
the image of y×k′

, which features k t’s and k u’s.
By Replication Invariance again, we have that F−1

r [P ∗(ν′′)] = F−1
r [P ∗(ν′′′)], which

by equations (12) and (13) yields:

Hr

(
1

4
φ(t) +

1

4
φ(u)

)

= Hr

(
1

4
φ(t)

)

+Hr

(
1

4
φ(u)

)

,

19I consider here a generalized version of mapping M defined above. The image of any y ∈ Y with

y = y∗ through the generalized mapping M is an element of ×
n(y)−1
i=1 [0, 1].

20 We consider the extended definitions of P ∗ and M− to ∪l∈N′ ×l
i=1 [0, 1] with N ′ = {n ∈ N|n ≥ 3}

such that for all ν ∈ ∪l∈N′ ×l
i=1 [0, 1] we have P ∗

(

ν
)

= P (M−(ν)).
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which corresponds to the following Jensen equation

Hr(w + w′) = Hr(w) +Hr(w
′),

that admits as general solution Hr(w) = arw + br. As Hr(0) = 0 we have br = 0.
For any ν ∈ ×4k−1

i=1 [0, 1], we obtain for F−1[P ∗(ν)] when introducing equation (13)
into equation (12):

F−1[P ∗(ν)] = F−1



Fr




1

4k

∑

i∈Q(ν)

4Hr

(
1

4
φ(νi)

)






 = H−1
r




1

4k

∑

i∈Q(ν)

4Hr

(
1

4
φ(νi)

)


 .

Using the fact that Hr(w) = arw, we obtain

F−1[P ∗(ν)] =
1

4k

∑

i∈Q(ν)

φ(νi).

Therefore, for any y ∈ Y with n(y) = r and y = y∗ and its image ν = M(y):

P ∗(ν) = F




1

r

∑

i∈Q(ν)

φ(νi)



 . (14)

The same expression is valid for all y ∈ Y with y = y∗ as the same reasoning can be
applied between n(y) and the least common multiple between n(y) and 4.

Finally, consider the transformations ϕ and G of functions φ and F respectively.

Letting ϕ(νi) =
φ(νi)
φ(1) and G(w) = F

(
wφ(1)

)
, we have for all y ∈ Y with y = y∗ and its

image ν = M(y):

P ∗(ν) = G




1

n(y)

∑

i∈Q(ν)

ϕ(νi)





where G and ϕ are continuous and strictly increasing functions and ϕ : [0, 1] → [0, 1] is a
bijection with ϕ(0) = 0 and ϕ(1) = 1. By the definition of mapping M , last expression
implies

P ∗(M(y)) = G




1

n(y)

n(y)
∑

i=1

d(yi)



 = P (y), (15)

where d = ϕ ◦D : R+ → [0, 1] is continuous and strictly decreasing on [0, z∗], d(w) = 0
when w ≥ z∗ and d(0) = 1. This concludes the proof of Step 2.

This expression for P ∗ is valid for all y ∈ Y for which y = y∗. Using the same
argument, a similar expression can be used for all y′ ∈ Y for which y′ > yc. Observe
that this similar expression is based on functions Gy′ and dy′ that need not be the same
as functions G and d, obtained for y = y∗. For this reason, a subscript y is henceforth
added to these functions: Gy and dy.

STEP 3: For all y ∈ Y , P is ordinally equivalent to the index defined in equation (1).

For notational convenience, let d = dy∗ and let G = Gy∗ . Let Y c = {y ∈ Y |y > yc} be
the subset of Y on which all distributions have mean income higher than yc.

Step 3.1: validity of equation (1) for all y ∈ Y \Y c.

Take any y ∈ Y \Y c with n /∈ Q(y). Assuming n /∈ Q(y) is without loss of general-
ity as all distributions in Y have at least one non-poor individual. Consider distribution
y′ with n(y′) = n(y) obtained from y such that y′i = yi for all i ≤ Q(y), y′j = z∗ for all

j /∈ Q(y) ∪ {n} and y′n = n(y)y∗ −
∑n(y)−1

k=1 y′k. By construction, we have y′ = y∗. By
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definition of Y c, Q(y) = Qa(y) since y ≤ yc implies za ≥ zr(y). The construction of
y′ then implies that Q(y′) = Qa(y

′) = Q(y) = Qa(y) and y′i = yi for all i ≤ Q(y). By
Absolute Focus , we have P (y′) = P (y). From equation (11) obtained in Step 2 and as
y′ = y∗ and y′i = yi for all i ≤ q(y), we obtain

P (y′) = G




1

n(y′)

n(y′)
∑

i=1

d(y′i)





= G




1

n(y)

∑

i∈Q(y)

d(yi)



 = P (y). (16)

Letting p(yi, y) = d(yi) for all i ∈ Q(y) and p(yi, y) = 0 for all i /∈ Q(y), equation
(16) provides the desired expression for P (y) on y ∈ Y \Y c. There remains to show
that function p has the required properties. We have (i) p(0, y) = 1 as d(0) = 1 and
p(yi, y) = 0 if i /∈ Q(y) by definition. We have (ii) p is strictly decreasing in its first
argument if i ∈ Q(y) since d has this property. We have (iii) p is constant in its second
argument if i ∈ Qa(y) by the definition of p.

Step 3.2: validity of equation (1) for all y ∈ Y c.

Take any y ∈ Y c with n /∈ Q(y). Assuming n /∈ Q(y) is again without loss of gen-
erality. From step 2, P (y) is given by equation (11), where function d and G are specific
to mean income y, i.e. dy and Gy.

First, I show that we have Gy(w) = G(w) for all w ∈ [0, 1). Take any rational
number r ∈ [0, 1). Rational number r can be expressed as r = q

n
with q, n ∈ N, q < n

and n ≥ 4. I show that Gy(r) = G(r). If this holds, then the continuity of functions
Gy and G implies that Gy(w) = G(w) for all w ∈ [0, 1). There remains to show
Gy(r) = G(r). Construct y′ such that n(y′) = n, q(y′) = q, y′i = 0 for all i ∈ Q(y′),

y′j = zr(y) for all j /∈ Q(y′) ∪ {n} and y′n = n(y′)y −
∑n(y′)−1

k=1 y′k. By construction,

we have y′ = y and thus by equation (11), we have P (y′) = Gy

(
q
n

)
since dy(0) = 1.

Construct y′′ such that n(y′′) = n, q(y′′) = q, y′′i = 0 for all i ∈ Q(y′′), y′′j = z∗ for all

j /∈ Q(y′′) ∪ {n} and y′′n = n(y′′)y∗ −
∑n(y′′)−1

k=1 y′′k . By construction, we have y′′ = y∗

and thus by equation (11), we have again P (y′′) = G
(
q
n

)
. By construction, we have

Qa(y
′) = Q(y′) = Qa(y

′′) = Q(y′′), and y′i = y′′i for all i ∈ Q(y′). Therefore we have
P (y′) = P (y′′) by Absolute Focus . Together, we have Gy

(
q
n

)
= G

(
q
n

)
, the desired

result.
Given that functions Gy and G are identical, we have from step 2 that

P (y) = G




1

n(y)

n(y)
∑

i=1

dy(yi)



 , (17)

where dy is continuous and strictly decreasing on [0, zr(y)], dy(w) = 0 when w ≥ zr(y)
and dy(0) = 1. Letting p(yi, y) = dy(yi), equation (17) provides the desired expression
for P (y) on y ∈ Y c. There remains to show that function p has the required properties.
We have (i) p(0, y) = 1 as dy(0) = 1 and p(yi, y) = 0 if i /∈ Q(y) since dy(w) = 0 when
w ≥ zr(y). We have (ii) p is strictly decreasing in its first argument if i ∈ Q(y) since dy is
strictly decreasing on [0, zr(y)]. We show that (iii) p is constant in its second argument
if i ∈ Qa(y) by contradiction. Assume that p(a, y) 6= d(a) for some a < za. Then we
can construct two distributions y′, y′′ ∈ Y such that n(y′) = n(y′′), q(y′) = q(y′′) = 1,
Qa(y

′) = Q(y′) = Qa(y
′′) = Q(y′′), y′i = y′′i = a for the only i ∈ Q(y) and the remaining

incomes of y′ and y′′ such that y′ = y and y′′ = y∗. By Absolute Focus , we have
P (y′) = P (y′′), which by equation (17) implies that p(a, y) = d(a), a contradiction.
As we obtained in step 3.1 that p(a, y) = d(a) for all a < za when y ≤ yc, property
(iii) is established for all y ≥ za. Finally, we show that (iv) p is continuous in both its
arguments if y > yc. Function p is continuous in its first argument since dy is continuous
in yi. Function p is continuous in its second argument for all y > yc because P satisfies
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Weak Continuity and mean income is a continuous function of the income of non-poor
individuals (all y ∈ Y feature at least one non-poor individual).

As function G is continuous and strictly increasing, we have shown that P is ordi-
nally equivalent to P ′ defined by equation (1). This concludes the proof.

Median income

I provide some indications about the way to adapt the proof of Theorem 1 when the
income standard is median income ym instead of mean income.

In steps 1 and 2, we only consider distributions y with size n(y) ∈ Nm = {n ∈
2N|n ≥ 8}. The set of (even-sized) distributions considered is Y ∗

even, which is the subset
of Y ∗ for which all individuals i ≤ m earn (weakly) less than individual m and all
individuals j ≥ m earn (weakly) more than individual m, i.e.

Y ∗
even = {y ∈ Y |n(y) ∈ Nm, y = y∗, yi ≤ ym ≤ yj for all i ≤ m and all j ≥ m}.

Function D enters the construction of the different mapping Mm : Y ∗
even → ×m−1

i=1 [0, 1]
defined as

Mm(y) = (D(y1), . . . , D(ym−1)).

Distribution y with size n(y) has an image Mm(y) of size m− 1. As we assume y ≥ za,
all distributions in Y have at most m − 1 poor individuals when the income standard
is median income. By Relative Focus , the exact incomes of the remaining individuals
matter only as long as it defines ym. Then, function D− enters the construction of
mapping Mm− : ×m−1

i=1 [0, 1] → Y ∗
even defined as

Mm−(ν) =
(
D−(ν1), . . . , D

−(νm−1), ym, . . . , ym
)
,

which features m+ 1 individuals earning ym.
The reason why mapping Mm (and the reversed mapping Mm−) must be limited to

even-sized distribution is the following. By the definition of the median m, any y ∈ Y ∗
even

and the odd distribution (y, ym), whose size is n(y)+1 and (y, ym) has the same median
income as y, would have the same image Mm(y) = Mm(y, ym) (assuming an extended
mapping Mm that also applies to odd distributions). Yet, these two distributions do
not have the same poverty as (y, ym) has one additional non-poor individual, the one
who earns ym. By limiting the domain of mapping Mm to even-sized distribution, the
problem vanishes.

Equation (11) obtained for distributions in Y ∗
even in step 2 is extended to distributions

y ∈ Y \Y ∗
even using Replication Invariance: for all y ∈ Y \Y ∗

even we have

P (y) = P (y×2),

where P (y×2) is given by equation (11) as y×2 ∈ Y ∗
even.

Observe also that the construction of y1
′′′

from y1 in step A3.1 is slightly different.
In substep (1.2), we must partition y1 in three distributions yu, yw and ya such that

y1 = (y11 , . . . , y
1
j

︸ ︷︷ ︸
=yu

, y1j+1, . . . , y
1
m−1

︸ ︷︷ ︸
=yw

, y1m, . . . , y1n
︸ ︷︷ ︸

=ya

),

where u = (D(y11), . . . , D(y1j )) and w = (D(y1j+1), . . . , D(y1m−1)) and the m+1 incomes in

ya are all equal to y1m. We further partition ya into yau and yaw with n(yau) = n(yu)+1

and n(yaw) = n(yw) + 1. As we define m = n(y)
2 when n(y) is even, we have indeed

that n(y) = 2n(yu) + 2n(yw) + 2. In substep (1.3), distribution y1
′

is a 2-replication
of y1, which implies in substep (1.5) that distributions y2u = (yu, yu, yau, yau) and
y2w = (yw, yw, yaw, yaw) have at least the minimal size for P and have both their
median income equal to y1m.

Finally, the construction of any distribution y for which y = y∗ is simpler with
median than with mean, as it is sufficient to take yj = y∗ for all j with m ≤ j ≤ n(y).
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8.2 Proof of Theorem 2

Take any hierarchical additive index P , i.e take any contribution function p that satisfies
the properties stated in equation (1). As za > 0, we have that the absolute and relative
lines cross at an income standard yc such that yc ≥ za > 0.

Claim 1 : P violates Transfer .

Consider y∗ = yc + za
2s , which is such that zr(y

∗) = 3
2za. We consider two cases.

Case 1: p(za, y
∗) ≥ 1

2 .
This case is such that p(0, y∗)−p( za2 , y∗) < 1

2 . Indeed, we have that p(0, y∗) = 1 and
p is strictly decreasing in its first argument on [0, zr(y

∗)]. By the continuity of p in its
first argument on [0, zr(y

∗)], there exists an income level r∗ with za < r∗ < zr(y
∗) such

that

p(r∗, y∗) < p(za, y
∗)−

(

p(0, y∗)− p
(za
2
, y∗
))

. (18)

Consider now two distributions y, y′ ∈ Y with n(y) = n(y′), Q(y) = Q(y′) = {1, 2}
and whose income standard is equal to y∗. Distribution y is such that y1 = 0, and
y2 = r∗, while distribution y′ is such that y′1 = r∗ − za, and y′2 = za. Distribution y′ is
obtained from y by a progressive transfer of an amount r∗ − za from the relatively poor
individual 2 to the absolutely poor individual 1. As r∗ < zr(y

∗) and zr(y
∗) = 3

2za, we
have r∗ − za < za

2 , and thus inequality (18) implies that

p(0, y∗)− p(r∗ − za, y
∗)

︸ ︷︷ ︸

∆a

< p(za, y
∗)− p(r∗, y∗)

︸ ︷︷ ︸

∆r

.

∆a captures the decrease in poverty contribution of individual 1 consecutive to the pro-
gressive transfer. In turn, ∆r captures the increase in poverty contribution of individual
2. As the latter is larger, we have by equation (1) that P (y′) > P (y), a contradiction
to Transfer .

Case 2: p(za, y
∗) < 1

2 .
Let a∗ > 0 be the level of income for which p(a∗, y∗) = 1 − p(za, y

∗). We have
0 < a∗ < za as p is decreasing in its first argument. Let y∗∗ = yc + a∗

2s , which is such

that zr(y
∗) = za+

a∗

2 . As p is constant in y for all a < za, we have p(a∗, y∗∗) = p(a∗, y∗).

As p is decreasing in its first argument, we have p(a
∗

2 , y∗∗) > p(a∗, y∗∗). We also have
p(za, y

∗∗) = p(za, y
∗) since y∗∗ > yc. This follows from the fact that (iii) p(a, y) is

constant in y for all a < za and (iv) p is continuous in its first argument when the income
standard is larger than yc. Together, we have that p(za, y

∗∗) > p(0, y∗∗) − p(a
∗

2 , y∗∗).
By the continuity of p in its first argument on [0, zr(y

∗∗)], there exists an income level
r∗∗ with za < r∗∗ < zr(y

∗∗) such that

p(r∗∗, y∗∗) < p(za, y
∗∗)−

(

p(0, y∗∗)− p

(
a∗

2
, y∗∗

))

. (19)

As in case 1, we can construct two distributions y, y′ ∈ Y with n(y) = n(y′), Q(y) =
Q(y′) = {1, 2}, whose income standard is equal to y∗∗, with y1 = 0, and y2 = r∗∗

and y′1 = r∗∗ − za, and y′2 = za. As r∗∗ < zr(y
∗∗) and zr(y

∗∗) = za + a∗

2 , we have

r∗∗ − za < a∗

2 . Therefore, p(r∗∗ − za, y
∗∗) > p

(
a∗

2 , y∗∗
)

and inequality (19) implies that

p(0, y∗∗)− p(r∗∗ − za, y
∗∗)

︸ ︷︷ ︸

∆a

< p(za, y
∗∗)− p(r∗∗, y∗∗)

︸ ︷︷ ︸

∆r

.

As ∆r is larger than ∆a, we have by equation (1) that P (y′) > P (y), a contradiction to
Transfer .

Claim 2 : P violates Strong Monotonicity when the relative line is mean-sensitive.
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Take any distribution y ∈ Y with y1 = 0, y2 = za and yj = 1
n(y)−2 (n(y)y

c − y1 − y2)

for all j ≥ 3. As the income standard is mean income, we have y = yc. By construction,
only individual 1 is poor in y as zr(y) = b+ syc = za.

Construct distribution yǫ from y by increasing the income of individual 1 to yǫ1 = ǫ
where 0 < ǫ < za. This increment implies that yǫ > yc. By the definition of the
relative line, we have zr(y

ǫ) > zr(y) = za. Therefore, individual 2 is relatively poor in
distribution yǫ since yǫ2 = za. Importantly, individual 2’s contribution p(za, y

ǫ) > 0 is
constant in the size of ǫ (this follows from properties (iii) and (iv) of p, as explained in
Case 2 of Claim 1).

I show that for sufficiently small ǫ, we have P ′(yǫ) − P ′(y) > 0, which implies that
P violates Strong Monotonicity. As individual 2 is non-poor in distribution y, we have
from equation (1) that

P ′(yǫ)− P ′(y) =
1

n(y)



p(za, y
ǫ) + p (ǫ, yǫ)− p (0, y)

︸ ︷︷ ︸

∆ǫ



 .

By the definition of p, we have p (0, yǫ) = p (0, y) = 1. As p is continuous in its
first argument, there exists an ǫ > 0 such that −∆ǫ < p(za, y

ǫ), which implies that
P ′(yǫ)− P ′(y) > 0, the desired result.

8.3 Proof of Lemma 2

Step 1 : P̂αλ is robust if λ = 0 or α = 0.

Assume that λ = 0 or α = 0. For any y ∈ Y with Qa(y) = Q(y), index P̂αλ = q(y)
n(y) ,

i.e. P̂αλ is equivalent to the head-count ratio.
Index P̂αλ satisfies Translation Invariance because a translation of all incomes in

distribution y by δ > 0 leaves the poverty status of all individuals unchanged. As
Qa(y) = Q(y), any individual i is either absolutely poor or non-poor. Absolutely poor
individuals are still absolutely poor when their income is increased by the same amount
δ > 0 as the absolute threshold za. Non-poor individuals do not become absolutely
poor: if yi ≥ za, then yi + δ ≥ za + δ. Non-poor individuals do not become relatively
poor: if yi ≥ b+ sy, then yi + δ ≥ b+ s(y + δ) because s < 1.

The same holds true for Scale Invariance for any γ > 1. Absolutely poor individuals
are still absolutely poor when their income is multiplied by the same factor γ > 1 as the
absolute threshold za. Non-poor individuals do not become absolutely poor: if yi ≥ za,
then γyi ≥ γza. Non-poor individuals do not become relatively poor: if yi ≥ b + sy,
then γyi ≥ b+ γsy as b ≥ 0.

Step 2 : P̂αλ is robust only if λ = 0 or α = 0.

The proof adapts the proof of Zheng (1994), which shows that these properties force the
index to account only for poverty status.

Take any za > 0, any y ∈ Y with Qa(y) = Q(y) and y > yc. Construct y∗ ∈ Y
from y by equalizing the income of non-poor individuals without changing the income
standard. When the income standard is mean income, the construction of y∗ is

• y∗i = yi for all i ∈ Q(y),

• y∗j =
n(y)y−

∑
k∈Q(y) yk

n(y)−q(y) for all j /∈ Q(y).

As y > yc, we have y > zr(y) > za, and therefore all j /∈ Q(y) are non-poor in y∗.
As y∗ = y, we have by Relative Focus that P̂αλ(y

∗, za, zr(y
∗)) = P̂αλ(y, za, zr(y)). Let

y∗∗ be constructed from y∗ by sorting the incomes in y∗ in non-decreasing order. By
Symmetry, we have P̂αλ(y

∗∗, za, zr(y
∗∗)) = P̂αλ(y, za, zr(y)).

I construct a sequence of distributions (yk)k∈N with y0 = y∗∗ and such that for all
k ∈ N we have yk = y, Qa(y

k) = Q(yk) = Q(y), P̂αλ(y
k, za, zr(y

k)) = P̂αλ(y, za, zr(y))
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and when k → ∞ the sequence tends to:

y∞ =

(

za, . . . , za,
n(y)y − q(y)za
n(y)− q(y)

, . . . ,
n(y)y − q(y)za
n(y)− q(y)

)

,

where q(y) poor individuals earn za and n(y) − q(y) individuals are non-poor. By the
continuity of P̂αλ in the incomes of poor individuals, we have P̂αλ(y

∞, za, zr(y
∞)) =

P̂αλ(y, za, zr(y)). Observe that this sequence, when applied to an alternative initial
distribution y′ ∈ Y with n(y′) = n(y), Qa(y

′) = Q(y′) = Qa(y) = Q(y) and y′ =
y has the same limit distribution y∞. Therefore, we also have P̂αλ(y

′, za, zr(y
′)) =

P̂αλ(y
∞, za, zr(y

∞)) = P̂αλ(y, za, zr(y)). This implies that all distributions with the
same number of individuals, the same number of poor individuals, all of which are
absolutely poor, have the same poverty. Therefore, P̂αλ is equivalent to the head-count
ratio when Qa(y) = Q(y). Hence, we must have λ = 0 or α = 0.

There remains to show that such sequence can be constructed. First, assume that
the income standard is mean income. Take any δ > 0. For any k ∈ N, distribution yk+1

is obtained from yk using the following three transformations.

1. Let yk
′

= yk + δ · 1n where 1n is a vector of ones of size n(y).

2. Let yk
′′

be constructed from yk
′

such that yk
′′

i = yk
′

i for all i ∈ Q(yk
′

) and

yk
′′

j = yk
′

j + δ n(y)
n(y)−q(y)

y−za
za

for all j /∈ Q(yk
′

).

3. yk+1 = za
za+δ

yk
′′

.

The intermediate distribution yk
′′

is constructed in order to obtain yk
′′

= za+δ
za

yk, which

in turn implies that yk+1 = yk.
I show that Qa(y

k+1) = Q(yk+1) = Q(yk) if Qa(y
k) = Q(yk). All absolutely poor

individuals in yk are still absolutely poor in yk+1 because yk+1
j = za

za+δ
(ykj + δ) < za for

all j ∈ Qa(y
k). All non-poor individuals in yk are still non-poor in yk+1 because they

all earn the same income and yk+1 = yk = y > zr(y) > za.
We have P̂αλ(y

k+1, za, zr(y
k+1)) = P̂αλ(y

k, za, zr(y
k)) since

• P (yk
′

, za+ δ, zr(y
k′

)) = P (yk, za, zr(y
k)) by Translation Invariance, which applies

since yk
′

= yk + δ · 1n.

• P (yk
′′

, za + δ, zr(y
k′′

)) = P (yk
′

, za + δ, zr(y
k′

)) by Absolute Focus , which applies
since the translation in the incomes of the non-poor individuals j /∈ Q(yk

′

) does
not change their poverty status.

• P (yk+1, za, zr(y
k+1)) = P (yk

′′

, za + δ, zr(y
k′′

)) by Scale Invariance since yk
′′

is
obtained by scaling yk+1 using the factor za+δ

za
> 1.

Finally, I show that the sequence tends to y∞. For each poor person i, we have
yk+1
i = za

za+δ
(yki + δ). Thus, we have y0i ≤ y1i ≤ · · · ≤ yki ≤ · · · ≤ za and the sequence

converges to a constant ci satisfying

ci = (ci + δ)

(
za

za + δ

)

,

which implies that

lim
k→∞

yki = za.

As the incomes of all poor individuals tend to za and as the incomes of all non-poor
are equal, we have y∞ = y only if

lim
k→∞

ykj =
n(y)y − q(y)za
n(y)− q(y)

,

the desired result.
Second, assume that the income standard is median income. The sequence is the

same except that, in step 2, we let yk
′′

j = yk
′

j + δ y−za
za

for all j /∈ Q(yk
′

).
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8.4 Proof of Lemma 3

First, I study the restrictions that Strong Monotonicity REL imposes on P̂α0.
Let the partial derivative of any function F : R

n → R in the direction i at point w ∈
R
n be denoted by ∂iF (w). Strong Monotonicity REL requires that for all distribution y ∈

Y and all i ∈ Q(y)\Qa(y) we have ∂iP̂α0(y) < 0. Recall that P̂α0(y) =
1

n(y)

∑

i p̂(yi, y)

where p̂ is defined by equation (5). As the income standard is mean income, we have
∂iy = 1

n(y) . By chain derivation, the previous inequality becomes:

∂1p̂(yi, y) +
1

n(y)

n(y)
∑

j=1

∂2p̂(yj , y)

︸ ︷︷ ︸

L20

< 0. (20)

Condition (20) relies on the partial derivatives of function p̂. For all i ∈ Q(y)\Qa(y),
the partial derivative with respect to own income is:

∂1p̂(yi, y) = −
α

zr(y)− za

(
zr(y)− yi
zr(y)− za

)α−1

. (21)

For all i ∈ Q(y), the partial derivative with respect to mean income is:

∂2p̂(yi, y) = 0 if yi < za, (22)

and, recalling that ∂zr(y)
∂y

= s,

∂2p̂(yi, y) = −s
yi − za

zr(y)− za
∂1p̂(yi, y) if za ≤ yi. (23)

Observe that if the non-poor individual i has income yi = zr(y), then she becomes poor
when mean income increases. In that case, the value for ∂2p̂(yi, y) is defined by equation
(23).

Step 1 : P̂α0 satisfies Strong Monotonicity REL only if α = 1.

The proof is by contraposition. Take any α > 0 different from 1. Take any mean
income y∗ > yc, which implies that b+ sy∗ > za. There are two cases to consider.

• Case 1: 0 < α < 1.

Consider a distribution y ∈ Y with Q(y) = {1, 2}, za < y1 < y2 ≤ zr(y) and
yj = 1

n(y)−2 (n(y)y
∗ − y1 − y2). By construction, we have y = y∗. When the

income of individual 1 increases marginally, we have that

L20(y) = ∂1p̂(y1, y) +
1

n(y)
∂2p̂(y1, y) +

1

n(y)
∂2p̂(y2, y).

As α < 1 and s > 0, we have from equations (23) and (21) that

lim
w→zr(y)

∂2p̂(w, y) = ∞.

For a fixed y1, there exists hence a value of y2 sufficiently close to zr(y) such that
L20(y) > 0 and, therefore, condition (20) is violated. Hence, Strong Monotonicity
REL is violated.

• Case 2: 1 < α.

A similar argument shows that Strong Monotonicity REL does not hold. Con-
sider the same distribution as in Case 1. When the income of the relatively poor
individual 2 increases marginally, we have

L20(y) = ∂1p̂(y2, y) +
1

n(y)
∂2p̂(y1, y) +

1

n(y)
∂2p̂(y2, y).
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As α > 1, we have from equation (21) that

lim
w→zr(y∗)

∂1p̂(w, y) = 0.

As y1 > za, we have that ∂2p̂(y1, y) > 0. Again, for y2 sufficiently close to zr(y),
we have L20(y) > 0 and condition (20) is violated. Hence, Strong Monotonicity
REL does not hold.

Step 2 : P̂α0 satisfies Strong Monotonicity REL if α = 1.

When α = 1, the partial derivatives (21) and (23) simplify to

∂1p̂(yi, y) = −
α

zr(y)− za
,

∂2p̂(yi, y) = − s
yi − za

zr(y)− za
︸ ︷︷ ︸

=K

∂1p̂(yi, y) if za ≤ yi.

Observe that (A) ∂1p̂(yi, y) does not depend on yi for relatively poor individuals and (B)
factor K ≤ 1 for any yi ∈ [za, zr(y)]. Together, these observations imply that for any
i ∈ Q(y)\Qa(y) and any j ≤ n(y) that we have −∂1p̂(yi, y) > ∂2p̂(yj , y). As a result, we
have

L20(y) < ∂1p̂(yi, y)−
1

n(y)

n(y)
∑

j=1

∂1p̂(yj , y) ≤ ∂1p̂(yi, y)− ∂1p̂(yi, y) = 0,

which shows that condition (20) and Strong Monotonicity REL hold.

References

Allen, R. C. (2017). Absolute poverty: When necessity displaces desire. American
Economic Review, 107(12):3690–3721.

Anderson, E. and Esposito, L. (2013). On the joint evaluation of absolute and relative
deprivation. The Journal of Economic Inequality, 12(3):411–428.

Atkinson, A. and Bourguignon, F. (2001). Poverty and Inclusion from a World Perspec-
tive. In Stiglitz, J. and Muet, P.-A., editors, Governance, equity and global markets.
Oxford University Press, New York.

Chakravarty, S. R. (1983). A New Index of Poverty. Mathematical Social Science,
6:307–313.

Chen, S. and Ravallion, M. (2013). More Relatively-Poor People in a Less Absolutely-
Poor World. Review of Income and Wealth, 59(1):1–28.

Corazzini, L., Esposito, L., and Majorano, F. (2011). Exploring the Absolutist vs Rela-
tivist Perception of Poverty using a Cross-Country Questionnaire Survey. Journal of
Economic Psychology, 32(2):273–283.

Decerf, B. (2017). Why not consider that being absolutely poor is worse than being only
relatively poor? Journal of Public Economics, 152:79–92.

Duclos, J. Y. and Gregoire, P. (2002). Absolute and relative deprivation and the mea-
surement of poverty. Review of Income and Wealth, 48(4):471–492.

Ebert, U. and Moyes, P. (2002). A Simple Axiomatization of the Foster, Greer and
Thorbecke Poverty Orderings. Journal of Public Economic Theory, 4(4):455–473.

European Commission (2015). Portfolio of Indicators for the Monitoring of the European
Strategy for Social Protection and Social Inclusion. European Commission, Brussels.

32



Ferreira, F. H., Chen, S., Dabalen, A., Dikhanov, Y., Hamadeh, N., Jolliffe, D., Narayan,
A., Prydz, E. B., Revenga, A., Sangraula, P., Serajuddin, U., and Yoshida, N. (2016).
A global count of the extreme poor in 2012: data issues, methodology and initial
results. Journal of Economic Inequality, 14(2):141–172.

Foster, J., Greer, J., and Thorbecke, E. (1984). A Class of Decomposable Poverty
Measures. Econometrica, 52(3):761–766.

Foster, J. and Shorrocks, A. (1991). Subgroup Consistent Poverty Indices. Econometrica,
59(3):687–709.

Foster, J. E. (1998). Absolute versus Relative Poverty. American Economic Review,
88(2):335–341.

Foster, J. E. and Sen, A. (1997). On Economic Inequality after a Quarter Century. In
Sen, A., editor, On Economic Inequality. Clarendon Press, Oxford, rev. ed. edition.

Gorman, W. M. (1968). Symposium on Aggregation: The Structure of Utility Functions.
Review of Economic Studies, 35(4):367–390.

Jolliffe, D. and Prydz, E. B. (2017). Societal Poverty: A Relative and Relevant Measure.

Kakwani, N. C. (1980). On a Class of Poverty Measures. Econometrica, 48(2):437–446.

Ravallion, M. (2008). On the Welfarist Rationale for Relative Poverty Lines. Policy
Research Working Paper 484, 4486(January).

Ravallion, M. and Chen, S. (2011). Weakly relative poverty. Review of Economics and
Statistics, 93(4):1251–1261.

Ravallion, M. and Chen, S. (2017). Bounds on Welfare-Consistent Global Poverty Mea-
sures.

Sen, A. (1976). Poverty: an Ordinal Approach to Measurement. Econometrica,
44(2):219–231.

Sen, A. (1992). Inequality Reexamined. Harvard University Press, Cambridge.

World Bank (2015). A Measured Approach to Ending Poverty and Boosting Shared
Prosperity: Concepts, Data, and the Twin Goals. World Bank, Washington, DC.

World Bank (2018). Poverty and Shared Prosperity 2018: Piecing Together the Poverty
Puzzle. World Bank, Washington, DC.

Zheng, B. (1994). Can a Poverty Index be Both Relative and Absolute ? Econometrica,
62(6):1453–1458.

Zheng, B. (1997). Aggregate Poverty Measures. Journal of Economic Surveys,
11(2):123–162.

33


	Introduction
	Literature review
	The framework
	Hierarchical additive poverty indices
	The extended head-count ratio
	Empirical illustration
	Concluding remarks
	Appendix
	Proof of Theorem 1
	Proof of Theorem 2
	Proof of Lemma 2
	Proof of Lemma 3


